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CHAPTER I 


ANHARMONIC OR CROSS-RATIOS. HOMO- 

GRAPHIC RANGES, INVOLUTION RANGES 

Me 

1, It P,Q, R, § are four points lying on a straight line, 
the ratio of PQ to QR divided by the ratio of PS to SR is 
called the anharmonic, or cross-, ratio, of the four points 
P,Q, R, S and is denoted by the symbol (PQRS). ‘Thus 

PQ PS_PQ_ Sk_PQ.RS 
(PORS)= GR sR QR * PS” OR.AP’ 

‘The last form is perhaps the most easy to write down, 
especially when, as is often the case, the four points are nob 
in order on the straight line, 

(Starting with P the four elements are PQ, QR, RS and 
SP in cyclical order; the first element is put in the 
‘numerator, the second in the denominator, the third in the 
numerator, and the fourth in the denominator.] 

Such w set of points lying on o straight line is called 
range. 

Similarly a set of straight lines meeting in » point is 
called mal of rays; and the point in which ries meet 
is called their vertex. 

‘The cross-ratio of a pencil of rays OP, 09, OR, OS is 

sin POQ. sin ROS 
sin QOR. sin SOP’ 
and is denoted by the symbol 0 (PQS). 

2, Ifa pencil OP, 0, OR, OS is out by any transversal 
in the points P, Q, B, 8, the crose-ratio 
of the pencil is the same as that of the 
range PQRS. 

For, if p be the perpendicular from 
© upon the transversal PQS, then 
px PQ=2A0PQ=0P. OQsin POQ. 

un 1 
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Bo px QR=0Q. ORsin QOR, px RS=OR, OS sin ROS, 
and px SP= 08. OP sin SOP, 


atone on enbttting and canceling like quantities, we 


PQ.RS sin POQ sin ROS 
[PORS) = CRSP * sin QOR sin SUP™ OOPS) 

If any other transversal cuts the rays in P,, Q,, R,, 5, 
it follows that [P,¢, 2,5,]=[PQRS}. 

For 

[A.Q.2,8}}=0(P,0, 2,5] =0[PORS)=[70RS}. 

3. When four points such a8 P,, Q,, R,, S, are obtained 
from P, Q, 2, 8, or vice versa, by joining one range of four 
points to a vertex 0, and ol ing the second ran; 
means of the intersections of the four joining lines with any 
transversal, then one range of the points is said to be the 
projection of the other range. 

Thus the crose-ratio of a range of points is the same as that 
of their projections, or, as it is generally expressed, the cross- 
ratio of a range of four points is unaltered by projection. 
As will be seen in a later chapter this is a most important 
result, [Arte, 199-201.] 

4. Crossratio of the pencil formad by the four atraight 
lines y=m,x, y=m,2, y=m,z and y=m,z. 

Lat a straight line parallel to the axis of y meet the four 
straight lines in the points P, Q, R, S and the axis of x 
in ¥. Let ON =h, where 0 is the origin. Then 

NP=m)h; NQ=mh; VR= mh; NS=mA; 

. PQ=(m,—m,)h; QR=(m,—m,)h; RS=(m,—m,) A 
and SP=(m,—m,)h, 

Hence the cross-ratio of the pencil OP, 0Q, OR, OS 

= that of the range P, @, R, S=[PQRS) 
_ PQ. (t=) (m,~ 1m) 
* QE. SP ~ (imy= my) (m=m)" 

‘This result is ne seen to be true whether the axes are 

rectangular or oblique. 












‘CROSS-RATIOS 3 

5. Crossratis of the pencil formed by the straight lines 
whoes equations are 

y=0, yom, w=0, y=me, 

In this case the third straight line cute the straight line 
parallel to the axis of y, ie. parallel to iteelf, at an infinite 
distance. 

Also the points and P of the previous article coincide; 
hence in this case we have 

PQ=mh, PR=w, and PS=m,h, 


and thus ones i. 
QRS __ mh mh-co_m 
(PORS|= OR -gp"a—mh mh im" 
6. Harmonic Ratio. If the crose-ratio of four points 
in equal to — 1, the ratio is said to be harmonic. 
In this case, from the definition of Art, 1, 
PQ_ PS_PS Sion 
QR SR” RS" 
’. PQ(PS— PR) =PS(PR-PQ). 
“. PR.PQ+PS.PR=2PS.PQ. 
P dh abies ® 
aS PQ* PS" PR’ 
ie, PQ, PR and PS are in harmonic progression. 
If Q is the middle point of PR, then S is at infinity. 
If 0 be the middle point of PX, then OP*= 0. OS. 
For if 
PQ=q, PR=1 and PS=s then rae. 
‘ gee eee ew 
. =9-5=2,, and 08=4-§= 7. 
: en 
1,00. 08= = G= OP 
‘The pointe Q and S are said to be harmonically con- 
Jugate with respect to the points P and 2; this is also 
expressed by me that they divide the straight line PR 
harmonically; the points Q and § are said to be conjugate 
points as also tho pointe P and 
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7. Similarly, if o pencil of four lines is such that its 
crost-ratio is equal to ~ 1, it is called » harmonic pencil, 
and two of the lines divide the angle between the other 
two harmonically, 

In the proposition of Part I, Art, 401, we have an example 
of a harmonic range, and the proposition may be expressed 





in the form 
(OPRP)= -1, 
8. Itz, 2,, a, 2, are the distances of four points P,Q, 
R, 8 from any fixed origin 0 lying on the straight line on 





which the four points lie, then 
(= %) (tm) 
(POR) = oa) a= 2)" 
This quantity is equal to -1, if 
(4-2) (t= 2%) + (tt ~ 24) (2m ~ 24) = 0, 
fait (4%) +x) =2x,x,42x,%,, 
which is therefore the condition that the four points should 
form a harmonic range. 
Tho cross-ratio of the four points is equal to unity if 
(%-%) (4-2) = (4-2) (@-2),” 
te, if (-m) (@-) =0, 
and then %=%, OF m= 2, 
0 that either the pale P and & coincide or the points Q 
and § coincide in this case. 

Similarly the straight lines y=m42, y= mx, y =m, 

and y=mc form « harmonic pencil if 
(m, +m) (m,+ m,) = 2m, m, + 2m,m,. 

Just as in Art. 5 it follows that the straight lines y=0, 
y=px, o=0 and y=—pz form a harmonic pencil. 

9. To find ihe coi ha sch a pres by 
equations az! + 2hay + by! =0 and a's? + 2Way + by? = 0 may 
be harmonically conjugate, 

Let the first pair of straight lines be y=m,a and y= mx, 


40 that m, +m, ==> and mm=t- 
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Similarly, lot the second pair be y=mye and y=m2, 90 
that m+my=— 57 and mm = 
By Art, 4 we then have 


(=e) (m= ma), 
(= m,) (m= m,) 
ie. (Mm, + my) (my + 1) = 2a ms + 2mym4. 
3h 7 9h) 2a Qa’ 
Hence -F«(-F)- Fe 
sab! +a'b = 2hh 
ia the required condition, 

Cor. 1, The pair of straight lines y*- p'x'=0 and the 
pair given ia zy=0 are harmonically conjugate, i.e. any 
pair of straight lines and the bisectors of the angles between 
them form a harmonio pencil. 

Cor. 2. The imaginary straight lines 2 +y*=0 and the 
axes 2y=0 also satisfy the condition of this article. Henoe 
any pair of perpendicular straight lines divide harmonically 
the lines joining their intersection to the circular pointe at 
infinity (Part I, Art. 392), 

10. Just: aa in the previous article a pair of points whose 
distances from a fixed origi pratyariimese0 
divide the straight line joining the pair of points given by 
aia 2h'a +8 =0 harmonionlly if ab’ + a'b = 2h’, 

11. To find the pairs of lines passing through the origin 
which are harmonically conjugate both with the pair of tas 
given by ax + Shay + by'=0 and with the pair given by 
a,2°+ 2hyny + byy'=0. 

To shew also that the lines 40 found are harmonically con- 

jugate with reypect to all the paire given by 
aa + Dhary + by! +A (aya? + Dhyzy + by’) = 0, 
where dis any constant, 
Tat the required pair be 
aa + Qh'ny + y= 0 
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‘Then, by the previous article, we have 
ab -2'h +b'a =0 
and ab, — 2h, + Bia, =0 
Solving, we have 
a. = uv 
ah, = a,h~ ab,—a,b~ hh, = hb 
‘Also (2) and (3) give, for all values of A, 
a’ (b+ Xb,) — 24’ (h+.Mh,) +6! (a +.Aa,) = 0. 
But this is the condition that (1) should be harmonicalky 
conjugate with the pair 
(a+ da) a +2 (h+ Mi) ay + (b + Ab,) y*=0. 
12. [f four points lie ona straight line, their polars with 
regard to any conic meet in a point, and the cross-ratio of 
the four points is equal to that of the pencil formed by their 





Take the straight line as the axis of «, and let the dis- 
tances of the four points P,, P,, P,, P, from the origin be 
%y %, %, %, The polar of the point P,, ie (x, 0), with 
respect to the conic 

az! + Dhay + by! + 2gx + Yfy +¢=0 
is (am, +9) +y (hey +f) + 9m +0=0 sssu(I). 
For all values of this passes through a given point, vie, 
the pole of the axis of 

Now (1) ia inclined to the axis at an angle tan~'m,, where 
sess 

mang 
So for the polars of P,, P,, P,. 
‘Hence the cross-ratio of the pencil of polars 
= (Ma = mi) (Mm¢~ my) _ (2 — 5) (Ra m4) 
(rm = m4) (m, =m) (% = 2) (% =)’ 
on substitution and reduction, 
=the cross-ratio of the four given points, 

13. From four points P, Q, & and S, lying on a straight 
line, we can obtain different cross-ratios according to the 
order in which we take the points. Four points can be 
permuted amongst themsolyes in |4, i.e, 24, ways, but it 
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is easily seon that they only give rise to six different cross- 

ratios, For 
[PQRS]=[QPSR] =(R8PQ]=(SROP} ...(1), 
[PQSR] =(QPRS] =[RSQP]=[SRPQ] ...(2), 
(PRQS]=(QSPR] =[RPSQ] =[SQRP] ...( 
[PRSQ| =[Q8RP] =[RPQS] =(SQPR] 
[PSQR] = (QRPS] =(RQSP] =[SPRQ] . 
[PSRQ] = [QRSP] =[RQPS] =[SPQR] ...(6), 

as may be verified by the definition of Art. 1. 

The second, third, and foarth cross-ratios in cithor of 
these six rows may be obtained from the first by intor- 
changing any two laters in it and then interehengng the 
other two. Thus, if in [PQRS] we interchange P and S, and 
then interchange @ and R, wo obtain [SAOE}, which in'the 
last ratio in (1), We thus have six different cross-ratios, 
via, the first in each of the above rows. 

‘These again are not independent, Forif P,Q, R, S aroany 
four points in a straight line, in any order, we always have 

PQ. RS+PR.SQ+PS.QR=0 1), 
where careful attention is paid to the signs of the quantities 
involved. 

For let the distances P, Q, 2, S from a fixed point in the 
straight line be p, 9, 7, # 90 that 

PQ=00-0P =q-p; RS=0S-OR=s-r, etc, 
then the left-hand member of (7) 
= (¢—p) (8=r) + (rp) (8) + (#-p)(r-9)=0. 
Dividing (7) by PS, QR, we have 
PQ.RS | PR.SQ 
PS.QR ” PS.QR 
. PR QS_,_PO RS 
RG: PORE 
Hence, if we put [PQRS]=A, this gives 
[PROS] =1-. 
Again, dividing (7) by PQ. RS, we have 
142280, P8.R_ 4 
PQ. RS” PQ. RS’ 











+1=0, 
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* PR.SQ Qk. SP 1_A-1 
+. (PRSQ)=Fy-ag=1~ Geral -pa At 


Further, if we interchange the first and third letters or the ~ 
second and fourth points of » range, we easily see that we 
invert a crose-ratio, Thus 


[?SR0)=(rgRg}" i (?808]= rpaggy T=" 


and (P08) = pepe 1+ = 
Soy tho six cross-ratios (1), (2), (8), (4), (5), and (6) 


a A-1 1 1 
pipe the rid co lea 


14. Tho 24 croas-ratios that can be obtained by taking 
the 4 points P, Q, 2, 3 in any order have thus been expressed 
in terms of any one of them. 

On examinstion it will be seen that four of the cross- 
ratios are al ways positive, and the other two always negative. 

In the case when 7’, Q, 2, S form a harmonic range, if 
we put A=— 1, the other cross-ratios become }, 2, 2, }, and 
—1, respectively, é,¢. the 24 cross-ratios reduce to the values 
=I, aud 2. Hence » range of four points is harmonic, if 
their cross-ratio, when the points are taken in any order, 
reduces to either of the values ~ 1, $, or 2. 

Similarly, if either of the cross-ratios is equal to 1, 0, or 
©, then two of the four points coincide, 

If we put A=—tan" 9, the six possible values of the cross- 
ratios in the previous article can be written in the form 
sin" G, cos? 4, — tan* 4, - cot*d, cosec'# and sec'@, If circles 
be devcribed on PR and QS which mest in 7, and if 0, 0, 
be their centres, it can be shown that @ is one-half the angle 
OTO,. Forit PQ=b, PR=c, and PS=d, the triangle 07'0, 
gives cos 070, = aa 

O70, b(4~)__PO.RS_ 
ant a (et) "OR. BB (PORE). 





, and henee 





COMPLETE QUADRILATERALS 9 
15. Zo shew that each diagonal of a complete quadri- 
lateral is divided harmonically by the other two diagonals. 
Let PQRS be a quadrilateral. 





Produce the sides to meet in 0, and 0,. 
‘Take QR and QP as the axes of wand y. Let the equation 
of PR be 
Hor tmy 1a O..cccssscserseseees 
and that of 0,0, be 
ha+my-1=0....... 
‘Then the equation of RO, is 
ha+my~-1=0... 





and that of 0,P is 
he+my-1=0... oo(4)- 
of 2 subtracting (2) from (1), we see thet the equation of 


(h—h) a+ (mm) y=0. 
fe ie subtracting (4) from (3), we have as the equation 





(.-4)2—(m,-m,)y=0. 
Hence, by Art. 8, QB, QR, QA and QP form a harmonic 
pencil, so that (BRA P) and (B0,00,) are harmonic ranges, 
Similarly it may be shewn that (Q4SC] is a harmonic 
range. 


Alitor. ‘This proposition may also be deduced from 
Ceva's and Menelaus’ Theorems. 


Let 0,4 meet QR in U. 
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From the triangle 0, PR since 0,0, QS, and RP meet in 
point, Ceva’s Theoram gives 
QU. RS.0,P = UR.80,. PQ. 
From the same triangle, since PSO, is a transversal, 
Menelaus’ Thoorem gives 
Q0,. RS.0,P=-0,R.80,. PQ. 
Hence, by di 





QU__ 0% ,, QU RO, 
on*~0,R “* it 0,0 ~~ 
2. (QUO, is harmonic. 
+ 0,[QURO,] iss harmonic pencil, 
Hence, by Art, 2, (Q4SC]=-1 and [PARB]=-1. 
‘Also, since the pencil Q[PARB]=~1, therefore the 
transversal BO, gives 
[0,00,8)=-1. 


Cor. Tho pencils at the three vertices A, 0,, 0,, viz. 
A (PO,80,), 0,(PASO,), and 0,(QAPO,), are all harmonic, 


1 


16. Jj ints A, B, C, D on a comic be given, the 
Pent eid Ss pencil P(ABCD) ia Goanent eel 
positions of P on the conic, 

‘This follows from the final result of Part I, Art. 383, 
For the perpendicular from P upon 4B 
20PAB PA, PBsin APB 

r | Vem | Ties 
‘and so for the other three perpendioulars, 

x & PBein APB e Popper) 

ce AB Cy) 

+ Ge" sin BPO x POP A sin pps) 

in constant, ie. 


sindPB sinOPD _, 4B.0D 
sin BPO * sinDPA ~~ BO. DA’ 
where & is # constant, i, P[ABCD] is constant, 








EXAMPLES u 


Mx. Show that the cross-ratio of the pencil subtended at any 
point Pof an elpe by the four points hove cosntro angles are 
1s 


ag, 2a, 2a, io 
sin (ay ~a) sn o4— a) 
a (ay = a4) in (a = 4)" 
[Take P at an end of the major axis of tho ellipso, so that 
Orinda, 0 
+0608 2a; ~ a 





tan @y=: tan ay, ete.) 


EXAMPLES. 

1, Shew that the locus of a point the tangents from which to the 
circle 22+y*-29,2+¢=0 harmonically divide the tangents from it to 
the circle 28+ y?~ Mggr+0=0 t1 

(de - gi* ~ 98) + 2y* (e~ gigs) ~ Belntonles 2h”) 

‘ e(git+ 92") =0. 


By Part ttt pds drove evga cl fe te te 
gents from (2 y/) to the first circle are given by 


ye pit) +y2(e4-4prz’ +e) - Bey’ (e'-91)=0, 
and similarly for the second circle they are given by 

ah (yt 0 —gq') +y2 (27 - Qgga!’ +0) -Bryy' Las )=0. 
By Art. 9, these are harmonio if 
Wyt+e-g2) (2? stedid When 29,2! +) 

aye lle 91). 

Henoo, on reduction, the loous of (2, y') 4 
a (20 ~ 918-934) + 2y* (e- gigs) -' Saletan (es gid 


If the two given ciroles cut orthogonally, then 
(o1-gs)?=m'~ct 9-6, fe. c= 9192, 
‘and the loous reduces to 


¢(g3+927)=0. 


aaa, 
ir of straight lines, which are real since the circles intersect 
points, and thorefore c is negative, 

2, trait ine i dawn vo that interactions with tect 
21+ yl-%g,24e=0 are always harmonically conjugate to ite inter- 
sections with the circle 22+ y!—2y,2-+-e=0; shew that it envelope te 
a conte wove fc are the cenrv of the circle, ond tha tha enelpe 
reduces to the iso centres only if the circles cut orthogonally. 

‘The lines joining the origin to the intersections of the straight line 
e+my-+n=0 with tho first oircle are 

nt (2+ y) 42g, ne (Le +-my) +6 (le +-my)¥=0, 
fee (a+ 2giin-elt) + Bey gin + le) + y* (nt em") =0, 
Similarly for the second circle. 





2 COORDINATE GEOMETRY 


‘These are harmonio if (Art, 9) 
(n#-+om® (Bn? +2 (9, +93) In+-2el2]= 9m? (9,n-+1e) (gan le), 
ie if m3 (0~ gigs) +n*+ (+93) In+eP=0, 
fiat Wot eet egies sll 


ie, if the product of the porpendionlar from the oontres of the two 
cireles upon the straight line is constant, Its envelope in thus a 
conic, with these two centres as foci, and its semi-minor axis equal 
to. Jpg-e. 

Ife tls ont orthogonally, hen a g=c, and (i) given ler 
Ugy+n=0, or Igy+n=0, ie. the straight line passes through one oF 
other of the contros of tho two circles, This is clear geometrically ; 
for if two eireles out orthogonally any line through the centre 0 of 
‘one cuts that circle in P, and P, and the other in Q,, Qs such that 
00. OQ,= (ead, of first lrole}#= OP,!= Py, and thus (P;Q,P,Q,) in 
harmonio (Art. 6). 


9, Shee tat og of the apap ihe pret {a which te 
=0 are p and 

Foe eta lnar dat acy sh peat poe by peed 
A=)! _ 4 (Mt ab) (W?- ab) 
( (ai $a'b hn’! * 

Let the first pair be (y-p;2) (y—psz)=0 and the second pai 

Rasher erieg aah ps2) % second pair 
PAP=-F) | PIPI= py 


‘ont a 
pep and amet 


(p2-pi) (Pe-Ps) 
d= a 
as (P3-P2) fey 
dah (pr-ps) (Papa) 
and hence S31" Fpimat dean = (81 +P) (FPO 
2 Jit ab /W—a'b? 
Sa +07 Oh 
from the above relations, 
aoa ceatzah i barmealel: Nels en a =! 
Art. 9. 




















4, She that the points whove abscissae are the roote of the quartic 
art + dba 4-8ex?+ Adz-+¢=0 
‘form a harmonie range if 
(be ~ adl)?= (08 ae) (ct ~a¢), 
If the roots are 2), 23, 23, 24, the pointe give a harmonic range 
(Art. 8) if 





(et) (at 2) =2 (219 +202), 


EXAMPLES 18 





Bat ms 
~galatad tate 
Sonatantactartntse, 
i.e, by (1), tes B(ayxy +.2924)= (1+ 0) (29+ 24) 
21g (y+ 24) + 20% (At 20) 
d fee, 
an Saaitaxan. 


1 WEP ate tan + (ented Aart (ete) 
=[(ei+ss)-(erteP, 
10a (naan 


and 10 =P atlanta iver ened 
ot hays (tg + 3) + hag (21425) 
=~ 2[(e1 +21) - (arta) Fe es- 298d 
2s (be=ad)¥= (88 ae) (=a). 


‘This may be written in the form 
abe 
ce Yhed ~ad?~eb¥—c8=|0, c, a} =0. 
6 her 


5, 0, 4, B, C are four collinear points, 4’ is the harmonic conju- 
gate of O with respect to B and C, Q is the harmonic conjugate of 0 
with respect to 4 and 4’, and P is the barmonio conjugate of A with 
respect to Q and 4’; show that 

sare Sey! 
op a* 0B * 0G" 
[Let 04 =a, OB=b, OC =e, OA'=a', OQ= and OP=p, Then 





ee ee 
ai at yma g-at aa 


Baa! Babe 
Pasta” berea tab’) 
and X is the fourth harmonio of 4 


0B is tho fourth harmonio of B with respect 
Gaal di oul 74 Gov Sou Kacanedn 4th eae 4 
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, It By, By are barmonio to By, 0, and B, 
i De Ai ts acl ware heeds By ces aaa 


(Take any vertex O and estimate the pencils thus obtained on a 
transversal parallel to OC, ao that the point O; is at infinity, i.e, in 
the language of a later chapter project (to infinity.) 

8, Two sets of four collinear pointe are such that the points of 
‘one set are ab distances 2, }, 1, 1 from a fixed point on the line, 
‘and thone of the other set at distances ~8, §, -4, ~4# from a fixed 

on the other line. Show that two ranges of four points can bo 
from the two sets which have the same crose-ratios, 

[Tho cross-ratios of the first set are, as in Art. 18, equal to 2, 2, ~1, 

, ~1, 4 and thoso of the sesond are}, ~1, 4, - 1,2, 2. Hence, with 

notation of Art. 18, the ranges PQRS and P,S,R,Q, have the same 
corose-ratios.) 

9, Show that the ssymptotes and any pair of conjugate diameters 
of conta form a barmocis pene. is 


Homographic Ranges. 


17. Arrange of points on one line is said to havea one-one 
correspondence with a range of points on a second line [which 
line may coincide with the first line] if to each point of the 
first range there corresponds one, and one only, point on 
the second range, and if also to each point of the second 
range there corresponds one, and one only, point of the first 
range. 

Tat the distance of an} poof Nee Bee aces, Sale 
fixed point on it be a, Ge distance of the correspondit 

int of the second range from a fixed point on it bo 2, 

jen the lines on which the ranges lie intersect, the fixed 
int for each may be taken to be the common point of 
intersection, 

‘Then, assuming the relation between # and 2 to be 
algebraic, it must be of the form 

Acad! + B+ Ox! +D= 0. (1), 
where A, B, Cand D are constants, For if in this relation 
we had a term of the form Zz, then, although for cach 
value of z/ there would be only one of «, yet for a given 
‘value of @ we should have a quadratic equation for #, and 
therefore more than one value of a’. Similarly it would be 








HOMOGRAPHIC RANGES 15 


seen that any other terms, besides the four in the relation 
(1), would be impossible, 

When auch a relation as (1) holds, the point on the 
second range is uniquely determined when the cor 
point of the first range is given. ‘The two ranges are said to 

homographio. 

Similarly homographic pencils are defined; if corre- 
sponding rays are inclined to any fixed lines at angles tan~'m 
and tan"! m’, then 

Amm’ + Bm +Om' + D=0. 

18. Vga af med Ral dae 
ts equal to that of the corresponding four points of the second 
range. 


For lot the distances of the four points of the first range 
{road orate be typi ste Teh Win Whe sessed 
range be 2, m, 2;, 80 that we have four relations such as 


Aaa; + Bo, + Osx! +D=0. 


D 
Hence “Fad” 
+ pt (AD- BC) (2,~m) 
sdb 8" aa.) (da+0)' 
snd similarly for x, -a and 2-2. 
Now, by Art. 8, the cross-ratio of the second set of points 
(= 0) (al -a) _ (a ~2) (u-m) 
@=m)@i=%)” (%= =) = 2) 
(on making the substitutions such us the above) 
= the cross-ratio of the four points of the first range, 
Honsogrephie ranges are thus ranges whose cross-ratios 
are equal, 





18. Points on cither ranyee correspondiny to tha points 
at an infinite distance on the other range. 
‘Tho relation connecting any pair of points such as P and 
Por Q and Q’, etc, being 
Ated + Ba + C2! + D=0 caven(I), 
te a BttD yg OH 4D 
Az+C’ Aa +B’ 
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then to any point at infinity on one range corresponds a 
point on the other range, 





Ifz=o, then 


at this valu of give the pont J oo that 0y¥"=—=. 
If d=, then similarly a=-4, siving the point J, 20 


0 
that OJ=-7. 


If we now take J and J’ as the origins of measurement, 
ice if we put ‘ 


ea Ol t= S46, 
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and a=0/s'st=—F ee, 
then (1) becomes 
, BO-AD 
i: 

Hence, if P, P’ be any pair of corresponding points, then 
IP, J’ P’ = constant, 

Conversely if JP .J'P’ is constant where J, J’ are fixed 
points on two ranges, and P, P’ are variable corresponding 
points, then P, P” describe ranges which are homographic, 

‘Thee points J and J' are called Vanishing Points, so 
that « vanishing point on one range is the point correspond- 
ing to the point at infinity on the other range. 

20. If (=0, the origin 0, for # coincides with J. 

If B=0, the origin 0,' for a is J’. 

If both B=0 and C =0, the origins 0, and 0,’ for x and 
a aro I and J respectively. 

It D=0, the origins Q, and 0,’ are corresponding points, 

‘21. It may be noted that in the fundamental relation 
‘vb tiaeh not have 5-93 for if cach of these quantities 


were equal to A, #0 that 4 = BA and C= DA, the relation 
would become (B+ D) (Aa! +1)=0. In this ease we should 


DS 1 ee ey 
have e=— 5 with any value for 2’, CK tera | with 











any value for a, and hence a definite point of ono range 
would correspond to any point of the other, and we should 
not have two ranges of points corresponding one to one, 

92, In order to give definitely two homographic ranges 
three pairs of corresponding points must be given, For the 
relation (1) of Art. 19 contains thro constants 4, “ aa S; 
hence, when three pairs of corresponding values of « and a’ 
are given, we have three simple equations to determine 
these three constants. 


Ln a 
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Tf the three pairs of corresponding points be at distances 
wand eBay ¢ from their origins, we have 
Aaa’ + Ba+Ca' + D=0, 
Abb! + Bb + Cb'+ D=0, 





























and Acd + Be + Cc'+D=0, 
Hence 
B Cc -D 
1a @ "laa, 1, @|"\aa, a, 1) |ua, a, a| 
I: ool fo, 1, e | Jou, 8 1] foe, 8 of 
loo} jo, 1, ¢] joe, o 1] 'e, 4 df 
98. Jf thr are any umber of points P,Q, By 8m 
one atraight line, and a homographic system P’, Q', k’, S’,... 


on another straight lina, the locus of the pointe of intersection 
of all such pairs as 1, PQ is a straight line, and the 
envelope of the lines joining corresponding points is a conic. 

Take the two straight lines as the axes of and y 80 
that the common origin for both ranges is now 0, their 
point ch ebepeee (Fig, Ze) ‘The distan: es 5 we 
Yis % and yp, of any two pairs of corresponding points 
Ear Gani oat gitee by Ba sand 





Any, + Bx, + Cy,+D=0 1), 
P Bu,+D 
te 4 * Te 
D 
and won Ett. 
‘The equation to PQ’ is 
at S| 


Ye 
ii, (Bay + D) yu, (Aer, + 0) =m (Bay + D), 
Bo that of PQ is 
© (Ba, + D)~ ye, (ty + C) =m (Be, + D), 
By subtraction, a line through their point of interseotion is 
Ba (x, — 1) + Cy (4-m) =-D (ea), 
ie. Bu+ Cy+D=' 
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This is therefore the required locus. It passes through the 
points (#0) and (- 3): Thee are the points, X’ 
and X, on the two lines which are respectively the pointe 


corresponding to the origin O, when the latter is looked 
upon as belonging successively to the two pia For 


when 2 =0, y,=~Z» and when y,=0,%1=~ 5. 


‘The line (2) which is the locus of intersection of cross lines 
is called the Homographio, or Cross-, Axis of the two 
ranges, 


‘The equation to PP is = +2 =1, ie, de+my= 1, where 

Aw 

Diov+ 01+ B+ A'=0, on puting 1= 1 and m= 1 in (1). 
\ 

By Art, 497, Part I, the envelope of PP’ is 
Bia! + Cy! + D+ 2yOD + 22BD + Yay (24D ~ BC) = 0, 
ie. (Bo+ Cy + D)'=4ay (BC-AD), 

8 conic touching the two ranges at the points, X and 
A, where the axis of homography meets them. 

It BC= AD, this conic reduces to a pair of coincident 
straight lines (Ba+ Cy +D)*=0. ‘This is the excepted caso 
of Art. 21, 

Ti also reduces to a pair of coincident straight lines 

(Bo — Cy)*=0, 
if D=0, and then the point of intersection of the two ranges 
in s point corresponding to iteelf in each range, and is there- 
fore a common point of the two ranges, 





In this case the relation (1) gives wage and the 
equation to PP” becomes Ba -y (Az, + 0)= Bz, which, for 
all values of, passes through the fixed point (-§: 


When, as here, the lines joining corres; ints of 
ina oasis can teed sas yolk a Wipes cs ais 
8 
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to be in perspective, and the point of concurrence is 
called the centre of perspective. 


24. From the preceding article it is easy to see how to 
construct the points of two homographie ranges. 

Lot P,Q, Rand P, @, 2 be the points which determine 
the ranges, Join PQ, PQ’, Q'R, QR, and so determine the 
Homographic Axis KK’. (Fig., Art. 19.) 

‘Take any point X on the axis of the first range; join XR’ 
to mest the homographic axis in U, and RO to meet the 
axis of the second in X’, Then X’ is the point corre- 
sponding to X, By this method we can determine as many 
points as we wish, and so the ranges are known when three 
points of each are given. 

‘The vanishing points J, J’ are obtained as particular cases 
of the foregoing construction. For J corresponds to the point 
co’ at infinity on the second Gadelegy if we take any 
two corresponding points Q and @, then Qco’ and Q'7 meet 
on the homographio axis, 

‘Hence, if we draw Qco’ parallel to the second range to 
meet the hi hic axis in , then Q’V by its intersection 
with the axis of the first range gives J. 

Similarly, draw Q'W parallel to the first range to meet 
the homographic axis in W, and then QW by its intersection 
with the axjs of the second range gives J’. 

‘the Art, 19 for two ranges where corresponding 
posts av coon by he onion yf, 2s,- Oph 


25, The locus of the intersection of corresponding 

Pa lilare lie gs hl el 

Let 0 and 0' be the vertices of the two pencils, Take 0 

as the origin, 00’ as the axis of a, and let 00'=o. 

Let the intersection of two corresponding rays OP and 

OP be P, and let their equations be oie 
y=ma, and y=m' (zc). 

Sinoe the pencils are homographio, we have, as in Art. 17, 
Amm’ + Bm + Cm’ + D=0, 





HOMOGRAPHIO PENCILS a1 


Eliminating m and m’, the locus of P is the conic 
Ay? + By (a =0) + Cay + Da (w-0)= 0, 
ie. Dat + (B+ C) ay +Ay'-0 (Da + By)=0..0...(1), 
which passes through O and 0’. 


The tangent at Oiny=n 2 But-9 is the value of m 


which corresponds to m’ = 0, i.e, to 0’0, Hence the tangent 
at 0 corresponds to the ray 0’0, and tho tangent at 0’ 
similarly corresponds to the ray 00’. 

If D=0, the conic breaks up into two straight lines, viz, 
Ay+(B+C)2~Bo=0, ond y=0, the line joining the ver- 
tices of the pencil. Ii ig case, when the intersection of 
©o jing rays in a straight line, the pencils are said to be 
in perspective, and the straight line is called the axis of 
perspective. When this is the case, i.e. when D=0, then m 
it is nce 00’ is the ray i 
jing the two vertices is # common 












Bx.1. ‘vo homographlo ranger ae takenon the ars of and i 
nts on th a ange at diatanca 0,1, § from te in 

correspond ‘on the second range distant 1, 4, 8 respeo- 

tirely trom the origa, Sew thatthe genera relation bebween the 

distanoes of corresponding points from the origin is 

ayi-M2, +671 -6=0, 

that the equation to the axis of homography is 112 -8y+8=0, and 

the oquation to the conie enveloped by lines joining corresponding 

points is (I1z~8y +8)? 126sy =0, 

(Tho student would do wel to verity this by plotting out  nomber 

of points belonging to the system and drawing the corresponding lines.) 





mx. a, Two cls of rays have their vortioes at the 
bepoy a 8) per ing te jit : ah yate o= $=0 
Of the first pencil oorrespond to the rays y= 


fs at ataabot ihe 

sed pene. Show that the ray y 18-6 of tho firs peoll corr. 

Eethe ray 203 ofthe woond peneil, end thatthe equation to 

ania given by the interyotion ‘of corresponding rays of the 

ponalls is Bo! ay +4? 24s ~ 69 +24.=0, 

[Prove that the relation between m and min 
‘my mg ~ 2m, + Bm +6=0.) 

Behe olor wat theron of sae ome 
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Ux. 4. Show that the straight line 17’, joining the vanishing points 
of two ranges, is parallel to XK’, the line joi ‘corre: 
sponding tte peat of ltarseaion ofthe ppt 


Coaxal Homographic Ranges, 


26, Let the axes of tho two ranges in Art, 19 coincide, 
80 that the two ranges of points are on the same straight 
line, and let the distances, x and a’, be measured from the 
same origin 0. A point Z, looked upon as belonging to the 
first range, may now have itaelf as its correpeaaat Fe point 
in the second range. This will be the case when a =a, and 
then the fundamental relation 

Ana! + B+ Cx + D=0...... 


of Art. 19 becomes 
dat +(B+0)2+D=0.. (2), 

This equation gives, in lege two values for m and 
hence two positions of #, viz, F and F. 

The distance of the middle point of ZF from 0 

: = ORs OF FSS 401400, 

Hence the middle point of the common, or self-corre- 
sponding, points coincides with the middle point of the two 
points which correspond to the points at infinity, i, of the 
two vanishing points. These self-corresponding points, E 
and F, are often called the double points, 








7, If we transfer the origin to the point 0, midway 


between the double points, i. if we write a7 and 


2 pei for's ead #; then (1) bouonies 
Aaa’ + BC (ga) p-B*OF 29, 
is, Ava + By(w=#)+D,=0. 
‘The distances of the double points £, ¥ from 0, are now 
+A, where we-F, 
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Hence, if ,, 2, are the distances from 0, of two corre- 
sponding points P,, P,, then 


(tA) (ay=A) _ ata M(sy—a)—M 
CPF Oa eho 


~(ieBitacs), Beth Bef=TD ogy 
AX=B,) (t= %)~ B\=Ad~ B,- =D, 

Hence the crose-ratio of the range formed by the double 
points of two coaxal homographic ranges and any pair of 
corresponding points is constant. 

Bx. 1, If 0; bo the middle point of 1", 0’ the point corresponding 
Pip iret sled erinegeh pate ili 5 

15420, F?= 0,0". 0,0, 

Bx. 2, Two coaral ranges have i ints, und 0; 
in Woes nie pinto hve Imaglasry pena; Iles pte on tod 
line through O; perpendioalar to the axis of the ranges; if 0, be 
properly chosen, shew that each pair of corresponding points of the 
anges aublends the same angle at K, and hence the penoll subtended 
61H by one roge can bs role bia to ft ont the penal ab 
tended at X by the other range. 


[ar] 


Involution Ranges. 
28. We have seen that two homographic ranges on the 
same line are given by an equation of the form 

Aud + Ba + Ci! +D=0, 

Ba+D Od +D 
sothat a=-7——, and 2=-7 7. 
‘Take any point P whose distance from the origin is 
It P belongs to the first range of points, the distance of 
ita corresponding point 





It P is looked upon as belonging to the second range, the 
distance of its corresponding point 
Cé+D 
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In general these distances are difforent ; but they are the 


same if 
Bi+D_Cé+D 
WE+0 ~ aE+B’ 
iit Ae (B-C)+(B-C% b+ (B-0)D=0, 

‘This is true for all values of ¢ if B=C ; henoo, eee 
the corresponding point of every point P is the same whether 
it is looked upon as bonnie to the frst or the second 
ranges of points, 

Such » range of points is said to be in involution. 


jy 20 The fondamenta relation for pointe in involution is 
us 
Aza! + B(w+a!)+D=0, 
D 


ie (e+ 4)(#+4) i 


The origin being the point 0,, if we take O oo that 








B 
00=-4, 
this relation gives 
oP. oP =A? - constant = 


‘The point 0 is called the centre of the involution and 
P,P’ are a pair of conjugate points or mates. 

It B is positive, oo that P and Pare on the samo side 
of the centre 0, there will be two points, X and X’, on 
opponite sides of 0, such that OK*=0X""=I% ‘These points, 

‘nd ’, are called the double pointa or foci of the involu- 
tion, 

Tt # is negative, these double points are imaginary, and 
corresponding pointa P, P’ are on opposite sides of the 
centre 0, 

Sino OK'=OK''= OP. OP’, therefore, as in Art, 6, 
[KPK'P} is barnionic. 

80. If « number of pointe are in involution, the cross 
ratio of any four pointe is equal to that of their conjugate. 
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Tet the four points be P, Q, R, $ and their conjugates 
P,Q, R, 8’ so that, if 0 is the centre of the involution, 
OP. OP =0Q.00'=0R. OR =08,08'=#. 

‘Therefore 
» PR FR 


00’-0P 08'-OR 00” OP 08” OR 
(P@RS)=oR-09' OP-08 "FF F_F 
OP 0S8-OR etl 
~ 0G" OP LOS PPS 
311 a print arin inna th corti of ry 
ete : Aairedon fo 
iodo eat asc fyay cere as 
Let the six points be P, Q, R, P’, QR, where 
OP. OP = 00. 00 = OR. OR =, 


eo FF F 


a 


‘Then 





(PORP] = oR-09' OP-OP~ FF F_ 
OR 09 OP OP 
_00'-OP' OP-OR_,., 
= oR=0g' oP -oP=lP OR?) 

[This can be shewn to be true of any two sete of homo- 
graphic points only when B=C, and this is the deGnition 
in Art 28 of pointa in involution 

82, Inan inoolusion range the mater, I and J, of points 
at infinity coincide. 

For Aaa! + B(a+2/) +D=0 (Art. 29), 


Honoo when =<, =~ 2, giving J’ and when a=. 





a= J, giving 1 
Hence J and J’ coincide, 
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83, The four properties given in Arts 28-32 have been 
taken by different writers as definitions of points in involu- 
tion. It is thus seen that the last three follow from the 
definition of Art, 28, 


34, The fundamental relation connecting pairs of corre- 
sponding pointe in involution (Art. 29) contains only two 
arbitrary constants, viz, 5 and 4 ‘They are thus deter- 
mined when two relations between them are given, 

‘This is the case when two pairs of corresponding points 
are given, ‘Thus. only two pairs of points are required to 
determine an involution, whilst three pairs were required to 
determine two homographio ranges. 

‘The constants aro also determined when the two double 
points are given; for a double point is such that it corre- 
sponds to iteelf (i, 2 and a’ are the same in this case) and 
is thus given by da*+2Bn+D=0. 

It both double points are given, i. if both roots of this 
equation are given, we have the two constants, 

‘Theve constants are also determined when the centre and 
one double point are given; for the, by Art, 28,—% and 
BAD 

7 

Similarly it may be seen that the involution is determined 
when a pair of mates and the centre are given, or when a pair 
of mates and either double point is given. ° 

35, The relation given in Art, 29 for a range of points 
in involution holds similarly for » pencil of lines in involu- 
tion, i. for @ pencil which is cut by transversal in points 
which are in involution. 

For if a pencil of lines y= px, y= p's, ote., in involution 
is cut by any straight line parallel to the axis of y, we 
have a range of points in involution whose distances from 
Lali nels eben ale ete, so that the 
relation between any pair of lines belonging to » pencil in 


involution is 
App’ + B(p+p!)+D=0 sessesssssensll), 








are given. 
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whore y=px and y=p'z are the equations to a pair of 
conjugate lines, 

The double rays, ie, the rays to the double pointe of the 
involution range, are given by 

Ap'+2Bp + D=0. 

In the particular case where the axes of « and y aro the 
double rays of the involution pea this equation is satisfied 
by p=0 and p=. Hence both A and D are zero, and the 
fundamental relation (1) reduoes to p +p'= 0. 

‘There is no ray in an involution pencil which oan be called 
the central ray of the involution, and so no ray to correspond 
to the centre of an involution range, 

36. Involution Ranges are given by Coawal Circles, 

If we have a system of coaxal circles (us in Part I, 
Page 168) and if from any point 0’ on the radical axis we 
draw a straight line to out the circles whose centres are 
01, 04, O4, »». in the pointe P and P,Q and Q, Rand F, 
we have OP, OP =00. 0@ = OR. OF'...=I4, where kis the 
length of the tangent from 0 toany of thecirclesof the system, 

‘These pairs of points therefore form an involution range, 
and the double points are clearly the points where the axis 
of this range touches two of the circles of the coaxal system, 

If instead of any point 0 on the radical axis we take the 
point of intersection, O, of the radical axis and the line of 
centres as the axis of the range, we have an involution pencil 
the double points of which are the limiting points of the 
coaxal system of circles, With the figure of 168 these 
double points are real; with that of page 167 these double 
points are imaginary. 

Conversely, if we wish to construct pairs of points be- 
longing to te involution determined by P, /’ und Q, Q as 
two pairs of mates, through P, £’ and Q, @ draw any two 
suitable circles which intersect in two points U, V. Then 
the circle through U, V and any point & of the involution 
will pass through 2’, the mate of R, and hence we can 
determine as many points as we wish, The double pointe 
are the points of contact of the axis PP’ QQ with the two 
circles through Vand V which touch it, and the centre of the 
involution is the point of intersection of UV with this axis, 
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37. In every involution pencil to shew that there is one 
air of conjugate rays at right angles, and, if thers ia more thane 
one pair at right angles, then every pair of conjugate rays te 
at right angles, 

‘With rectangular axes through the vertex of the pencil, 
let y=pz and y=p,x be conjugate rays. Then 

App, + B(p +p,)+ C=0. ve), 

If there iy « pair at right angles then pp,=—1, and (1) 

gives 4-C=3(p-2), to that the pair at right angles is 


given by Bp'+(0-A)p—B =0. 

If there is more than one pair at right angles this equation 
must be identically satisfied, ie. =A and B=0. In this 
case the general relation (1) between the rays beoomes 

rp.=-1, 
‘i.e, each pair of conjugate rays is at right angles, 

Such a pencil in which each pair of conjugate rays is at 
right angles is called an orthogonal involution pencil. 

Gor. The double rays of this orthogonal involution are 

iven by pt=—l, ie by 2'+y*=0, 60 that the imaginary 
fou devas pach points at infinity are the double 
raya of every orthogonal involution pencil, and conversely 
an involution pencil having the lines to the circular pointe 
at infinity as double lines is orthogonal. 

38. To shew that the centre of the involution determined by 
Ws eek De oe ame niet ie 
: . sean cg 1 Sada — 
beg etre Lapel | Vey as cal aoa 
points are given by the equation 

at (yy ~ hyp) — (yb, ~ ayb,) + byhy~ by, = 0. 
Let the relation connecting a pair of conjugate points be 
Ame, + B(x, +m) +0=0. 

Hence Ab, -2Bh, + Ca, = 0, 
and Ab, 2Bh,+ Ca, =0, 
and the double points are given by 42*+2Bx+0 =0. 
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Eliminating A, B, 0, the double points are given by 
(Iya, — hy) 2 (ayby— a4) + byhy — by, = 0...(1). 
Also, the centre of the involution being midway between 
Aare : 1a,b,— 
the dosble points, is sivoten= ee. 
Clearly the double points are imaginary when the roots 
of (1) rt imaginary, fat ite canto always real. 


39. To find the condition that the points given by 
ae'+ Mot, =0, aa? + Med, =0 
and a," + 2h, +b, =0 shall form an involution range, 

Let the relation connecting pairs of pointa in the involu- 
tion range be Az,x' +B (x, +2,) + 0 =0. 

Since each of the above pairsof points satisfies this relation, 

2. db) 2Bh, + Ca, =0, 
Ab, —2Bh,+ Ca,=0, 
and Ab, —2Bhy + Ca,=0. 

Eliminating 4, B, and C, we have as the required condition 
a, hy b 
ty Thy by 
ty hy b 

Cor. 1, It follows that all pairs of poi i 
tnnrin dred it iy the fens to sare ae 

iven 
ibe’! yet + Dhyae+b, +) (agar? + Diya + by) = 0, 
where A is « variable parameter. 

For clearly (1) is satistied if 

= 0+, y= hy +My, and by =b, + Ab,. 
Cor. 2. Similarly a pencil of rays given by the equations 
e+ Dhyoy+by'=0, az! + yxy + by'=0 
aya! + thoy + y= 0 
is in involution if the condition (1) holds, 


(1). 
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_ 40. A ayrtem of conics passing through four fixed points 
is out by any transversal in a system of points which are in 
involution, 

‘Take the transversal as the axis of a, and let two conics 
through the four given points be 

8 saz! + Shay +by' +2gn + Ay +0 =0, 
and = § Sa'xt+ Dhay+Vy'+2g'e+ Of'y +d =0, 

Then $+AS'=0 denotes any other conio of the 
and is met by the transversal, y = 0, in points given 

(aa + 2gm+c) +d (a'a! + Iga +0!) = 0, 

By Art. 89, Cor. 1, this denotes a range of pairs of pointa 
whieh are in involution, 

‘Taking as particular cases the threo pairs of straight lines 
which can be drawn through the four points, we see that 
wry tarot sae meee alee 
four pointe cute the thres pairs of opposite sides in sie points 
which are in involution, 

41, The locus of the intersection of two tangents to a given conic, 
drawn from conjugate points of an involution, is a conic which passer 
through the double points of the involution and through the pointe of 
contact of tangents drason to the given conic from the double pointe of 
the involution. If the aria of the involution touches the given conic, 
then the locus is a atraight line. 

‘Take the axis of the involution as the axis of z, and the centre of 
the involation as the origin, so thet points of the in- 
yolution are given by 2,2)=', and the double points are (+, 0). 

‘Any conie is az*+ hzy +by'+2gr+/y-+e=0, ‘Tho tangents to it 
drawn from (2’,y') meet the axis of 2 w 

(az? Bha’y' + by ga’ + 9fy' +e) (aa +-9g0 +0) 

sls (az! + hy’ +9)+(92'+fy' +P. 
‘This in a quadratic for x, and the product of ite roots ia given to be I, 


1 Mel =2(fo~ch) 'y'+ (be-f*)y" 
te (ab = By? 3 (9 + ‘ 
Henoo the loous of (2’y/) is the conio 
(ca 93) at ~ 2 (fg ch) xy + (be ~ J?) y? 

a x ~Hlled- My -3Gh- ap +n find 
‘This pasos the double points (4, 0), Also olesrly 
they out of tua tom sd a othe et 
conie must ion the lous; for from two (oineiding) points we 
drawn tangents and their point of contact in their point of intersection, 
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Eto aie fs tovebos the eon than ga, ‘and the loous reduces 
to the straight line 

2s a e+ Be Pp Mad MY AUA- fad 
which passes jint of the involution which is conjugate 
byroharidl parolee apelin epeerg op kekae 


wt of ts of an involution is at distances 
ut Soaredenbenriadn ata tteny 


shew that the distance of the centre of the involution is 





and that the constant of the involution 


[We have (a~<2) (a’ ~ 2) =(8- 2) (2 - x) =h*.) 

2, It 4 and 4’ ares given pair of mates in an involution, and P 
7 aia tp ore ‘mates, shew that the ratio of 4P. AP to 
4'P. 4'P is constant, and equal to the ratio of the distances of 4 and 
4’ from the centre of the involution. 


9, Shew that the harmonic conjugates of s varisble point with 
Cee ee eee ee eae at points have s constant 
crose-ratio, 


4, Shew that three pairs of points whioh are harmonic conjugates 
ola gins rice! posh en ites ierehaeee os 


5, Ut-4, 4! and 3, Bare tro pum of conjugne points of an in 
volation, and 0, 0” are the common harmonic conjugates of 4, B and 
ZB shew Uh dhay ar spat of eonjaguie potas stn losin, 


6, If A and 4), B and B,, O and U are point pairs in involution, 
as also 4’ and 41, Bod cd On poe it ed 
ant By Gund Varo point pairs in involation, 


als ‘The double points of the three involutions determined from any 
‘ix collinear points by the pairs 80’ and B’C, C4’ and 0’A, and AB’ 
and 4’8 are themselves in involution, 


8, Given four eollinear points, show that they determine three in- 

Yoltdona Show alo tat he doable plots of any on of, the 

finvolutions are barmonio conjugates with respect to the double 
pointe of any other, 

8 Lain itt a ‘M are the harmonic eon. 

t P with respoot to 4 and 4’, B and 2’, prove that 

ri pls ptt tae taain y 





10, ‘The points P, Q, Rin which a straight line meste the sides of 
“ih are hac en a 


82 COORDINATE GEOMETRY 


joining any point 0 tothe: ing angular points of the triangle, 
form a range in involation, ani henos 
PO .QR’.RP'=-P'Q.QR.RP. 

[Use Art. 40.) 7-8 - J 

1, Show that pairs of onjugate points with respect to a conie (i. 

ita euch that ‘of each the oth 
sn te pla th i gt 
intersection of the straight line and the conio, 

[Tako the given straight lino as the axis of 2, and the conio as given 





by the ‘equation. ‘Then the of (c, 0) passea through 
(@y 0) if axyzy+9 (+53) +¢=0. jaca ll 

19, Show that pairs of conjugate lines with to s conie (i.e. 
lines soeh that the pole of ‘on the other) drawn through any 


ffiven polnt form a pencil in involution, whose double rays are the 
‘tangents to the conic from the given point, 

{Take the given point as origin, and y=pz, y=p’s as. pair of oon- 

jogate lines, By Part I, Ar, 875, the pole, of tho line y ps0 
ven by aa’ + hy’ + 9 ~p (hx’+ by'+) and ge +fy'+e=0. If this 
% PER fat rept rahe merece T= 

‘,y’), we bave (be ~. /-((g—cl ca ~g'=0, 80 e 
Sere tee joel arctan early the double lines are 
the tangents from the point.) 

18. nj eaeters of sola or n involution, onl owe 
double lines are the say preveding, or 
pendently tows Fart, Ak 6) a 

14, Bhew that the envelope of a chord of a given conic, whose ends 
lie om corresponding rays of « pencil in involution, is s conic touching 
the donb rays of the invention, and also toucbing the tangents 
drawn to the given conic at the points where the double rays meet it, 

Tt the given conta paren the vertex of the involution penoil, 
‘then the envelope: to a point. 

{Taba the verier ofthe pencil a rig, andthe wx asthe Goote 
raye of the pencil. (Art. 85.)] 

15, ‘The loous of the interseotion of tangents to « conic drawn from 

points of two homographio ranges on the same qht 
Tine is a curve of the fourth degree, which redaces to a conio having 
double contact with the given conic if the axis of the ranges touches 
‘the given eonie, 

16, The envelope of a straight line, such that its intersections with 
1 given conic are harmonic conjugates with respeot to ite intersections 
with o pair of given lines, is a conio which touches the pair of lines, 
[Take the givon lines as the axee of and y.) 





CHAPTER II 


TRILINEAR AND AREAL COORDINATES. 
THE STRAIGHT LINE 


42. In the following chapter wo shall introduce a new 
system of coordinates, which has been foreshadowed in the 
notation of Part I, Arta. 409, 410, 





ee 
a Re \ & 

Let ABC be « fixed triangle known as the “triangle of 
reference.” 


From any point P in its plane draw straight lines PZ, 
PH, and PY perpendicular respectively to BO, CA, and AB, 
‘These three distances PL, PM, and PH are called o, 8, and 
y, and are known as the trilinear coordinates of P. 

Any such coordinate, a, is positive if P and the vertex 4 

_ of the triangle are on the same side of BC, and is negative 
if P and A are on opposite sides of BC. So for the other 
coordinates, Thus in the figure P has all its coordinates 
positive; for P,, its a is negative and its @ and y are posi- 
tive; whilst, for P,, its a and B are both pel whilst 
ita y is positive. So for any other position of the point P. 

43. eracdntoed cath lat peti Palco 
are the lengths of the sides BO, OA and AB, and if d be the 
area of the triangle, then aa + bB +cy= 2A. 

un 8 
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It P be within the triangle, then 
da+bB+cy= PL x BC+ PMx0A4+PN x AB 
=8OPBC +24 P0A+24PAB=2A ABC = 
If Pbe outside the triangle ABC but within the area al 
by 4B, AC as at P,, then a is negative, 06 that 
aa=~34P,BC, 
and henoe for this point 

a+ bB+cy=~24 P,BC+24P,CA +20 P,AB=2A, 
as before, If P have a position such as P,, where both a 
and are negative, then 

a+b +0y=~24 PyBC-2OP,CA +24 P,AB=2A. 
Similarly any other point can be considered. Henoe, if P be 
any point within a finite distance of the triangle of’ reference, 
we have this important relation always true. 

44. By its use we can, always make any equation in tri- 
linear coordinates take a homogeneous form, For example, 
suppose we had an equation 

la! + my! + 2naB + qa+rBh+2y+K=0......(1), 
where J, m, 14 9,756, K are all constants, Snes 2186 
is always unity, we can multiply any terms we saat in 
equation (1) by this quantity, or any of it, without 
altering the equation, Multiply therefore the terms of the 
first degree in (1) by this quantity, and the constant terms 
by ite square, and we have 


(la? + my? + 2naB) + (ga + rB + ey) x —5—— 
wa (stb) =0, 


sa lap 


+ aa ions Snap) +28(G04 1B 407) (os 680) 
K (aa + bf + cy)*=0, 
which is « homogeneous equation the second degree in 
a, B, and y. 
Tn trilinear equations we almost invariably confine our- 
selves to homogeneous equations, or to equations which we 
have made homogeneous by the method of this article. 
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48. Since our equations are homogeneous, if they are 
satisfied by the coordinates of any point they are clearly 
satisfied by any (the same) multiple of these coordinates. 
Hence we can speak of any quantities, which are proportional 
to the actual distances of a point from thesidesof the triangle, 
as the coordinates of the point. ‘Thus it is easy to shew that 
the actual distances of the ortho-centre from the sides are 
2Roos B cos C, 2Reos 0 cos A and 2K cos A cos B, We speak 
of this point as (cos B cos 7, cvs G cos A, cos A cos 3) or again 
‘as (sec A, veo 3, vec C). 

If the coordinates of s point are given as proportional 
to a’, f’, 7, we can easily get the corresponding actual 
numerical coordinates, a, 8, y,, For 

bn mt bBton 9h _ 
a By aa +dp +cy’ OB + cy” 


0 that the actual coordinates are ——-—-, x 2A, and 








aa’ + BB’ + cy’ 


two similar expressions, 
Bx. Verify that the coordinates of the inte of the 
senescent maybe taken eae el 
In-centre; (1, 1, 1); 
Ex-centre opposite 4; (-1, 1, 1); 
Ciroum-centre ; (008 4, 008 B, 008 C) ; 
Centroid ; (sin B sin C, sin sin 4, sin Asin B); 
Ortho-centre ; (008 B 008 C, cos C 008 A, 008 A cos B) ; 
Nine-point centre ; [08 (B~ 0), 008 (C-), con (d ~ B)]. 
46. Relation between Trilinear and Cartesian Coordinates. 
sid the origin O of rectangular Cartesian Coordinates 
within the triangle ABC, let the equations to the sides BC, 
CA, AB of the triangle of reference be 
2008 w, +y sina, —p,=0, zcosa,+y sin w~p,=0, 
and 2008, +y sin w,—p,=0. 
‘Taking the case when w, <«,<w,, we easily see that 
w-wy=- A, o,— v= ~B, 
and 4 -0,=In-(n-C)en+C, 
‘and hence that 
008 (1, ~ 44) =~ 008 A, C08 (1, ~ «,) = — 008 B, 
and £08 (w4 — tn) =~ 008 0. 
=] 
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The cular a upon BC has the same sign as the 
Note enti eee 0, since, the latteria within the 
triangle, Hence we have 

@=p,— 2008 w,~y sin wy, 
and v0 also = B=p,-2covw,—y sin wy, 
and =P 2008 a, —y sin w,, 





47. By theso relations any equation in Trilinoar co- 
ordinates may be transferred to one in Rectangular Car- 
tesians. 

It follows that “Any trilinear equation of the fiat dogres 
represents a straight line and any equation of the second 
degree represents a conic section, ‘i hi 

For the most general equation of the first degree is 

la + mp + ny=0 1), 
where J, m, n are constants, On making the substitutions 
of the previous article, this equation becomes 
2 (2.008 w, +m cos w, + n C08 w,) 

+ y (Lsin o, +m sin w, +n ain w,) =lp, + mp, + mp;, 
which always represents a straight line. 

Also, since (1) has two independent constants L and, 
they can be chosen so that the equation is satistied by the 
coordinates of any two points, and hence the equation will 
represent any straight line, 

Again, the most general equation of the second degree ix 

Lo? + MBP + Ny + 2PBy + 2Qya+ 2RaB =0....(2), 
On waking the substitutions of the previous article, wo 
obtain the general equation of the second degree in Cartesian 
coordinates ; hence (2) always representa « conic section, 

Also, since (2) has five independent constants, they can 
be chosen so that the conic passes through any five points, in 
general, and hence (2) will represent any conic section, 

To find the distance between any two points whove 
trilinear coordinates are given, 

Tot P, be the point (,, yy) and P the point (a, AY) 
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Through P; draw P,L and PM parallel to AB and BC 
to moet BC and Bd in L and M, and take BC and Bd as 
oblique axes in Oartesian coordinates, so that 


BL=a, and L=y. 
Then 


a,=P, LsinP,LC=y,sinB, and y,=?,MsinP, MA=a,sin B. 
Similarly 0, =y, sin B, and y, =<, sin B, 
where (24, yx) are the coordinates of Py. ” 
By Part I, Art, 20, we have 
PPP = (@—m)F+ (yi — yi) + 2 (@ —m) (yr 94) 008 B, 
S PyPB. sin? B= (a, ~a,)"+ (n-y)" 
$2 (a, = 04) (9,4) 008 B ...(I). 
We can express this in two forms, both symmetrical in 
4— ay B,~ By and y~ ys. 
For, by Art. 43, 
da, + 5B, + ey, = 2A = ay + BB, + Oy. 
16 (ay = 04) +6(y,— 99) =— 6 (By ~ Ba) --- (2). 
Hence, by squaring, we have 
2ae (a, —4,) (y4- ys) = (B,— By)? 9" (a, — a9) (14 19) 
Hence (1) gives 
P,P} aesin* B= ae (a, ~ 04)! + 00 (y,~ yy) + B8008 B (B, - Bi)! 
~ a 008 B (a,—a,)*—c# 008 B (1 ~y4)* 
__=ab008 A (a,~ a) + 88008 2 (B, — B,)'+ be 008 C (n~)- 
J PP? 
sind c08(a,~a)+-sin Boos B(,~By)+-sin Coos (yy) 
sin Asin Bsin 0 





Ari 
Rona - ping (2) successively by (a,—a,) and 
(1 ~ 04)? = —B (a, ~ a4) (B) = Bs) =¢ (1172) (t= 20), 

and ¢(y,~95)'= = (Bi= Ba) (n= 19) 4 (1-2) (am). 
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Substituting in (1), we have 
P,P} acsin’ B= — be (a, ~ a4) (,— By) ~¢ (y1~ ys) (a, ~ 44) 
~ ab (By ~ Bs) (n>- 99) — 2 (n= 72) (41-44) 
+2 (y—y4) (4,04). 20.008 B 
=~ be (a, ~ a4) (8, ~ B,) ~ 0b (B, ~ B,) (y-y2) 
(ny) (ay ~ 0), 
(te ~ Bi) (iy) sin A aren (a,~a,) sin B 





Eithor (3) or (4) gives the required distance, 
49. By equation (1) of the last article, the square of the 
distance of any point (a,, ,, y;) from the point B of the 


triangle of reference is S=*2'+ 26727 tency the 


equation to the circle, whose centre is B and whose radius 
iny, is 
ot + + Day 008 B= rain’ B=? (ag 5 98+ oy) 





=Fe + BB + ey). 
Again, the equation to the parabola, whose focus is B and 
whose direetrix is the opposite side C4, is 
a? + 97 + 2ay 008 B_ 
“ernest 


in 

50, Area of thetriangle whoseangular pointeare(a,, B,,y,), 
(2a Bay 12) and (a3, Bs, 94) 

Referred to the sides BC, BA of the triangle of reference 
a8 axes, let the coordinates ot these points be (2,, y,), (22 ys)s 
and (x, yf tha ain Art, 48, a,=y, sin B and y,=2, ain B, 











and so for the others, 
Tf A, be the required area, then, by Part I, Art, 26, 
aa, | # 1 1. nee 2 
ams” Ty Yay = vant | oH ‘ 
% Yay 1 Yr My 20 
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‘Multiply the first column by ¢, the second rhs and subtract 
their sum from the third column, and we have 











1 [to 6B, ye a By 
= Tame %» l= Gain g|me on Ae 
Yo Mu OB, 1% iy Bs 
a, By : 
= gar» Bu %4|, giving the required aren, 
%, By | 





B1, Equation to the straight line joining the too pointe 
(ay Bis 71) nd (a4, Bay ya) 








Tat the required equation be 
Lat mB +My =O ceecscess ve one(I)e 
Since it passes through the given points, 
ws lay +mp,+ny,=0 . 
and la+mB,+my,=0 
Solving (2) and (8), we have 
A eae 
Bn- Bn na-n %B-af,’ 
and the required equation is 


@ (Biys— Bays) +B (ys0a- Yar) + 7 (Ba eB,) = 0. 
Or, on eliminating J, m, n from (1), (2) and (3), the equation 
may be written in the form 
4 B y 
a, By n 
% By Ys 
52, esl ths asap os ie Pate Fu) 
and (14, By, 14) may lie on a straight lina 
he straight line Ja + mB-+ny=0 passes through the 
three pointe if 
la, +mB, + my, = 0, 


day + mB, + 194 = 0, 
and la, + mB, + ny, = 0, 


=0, 
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Eliminating /, m, n from theee equations, we have 
oy By n 
oy By 
% By % 
which is the required condition, 
53. Coordinates of the point of intersection of the two 


straight lines whore equations are la+mB+ny=0 and 
Ta+mB+n'y=0, 


Both equations are satisfied at their point of intersection 
(@, § fi ” ‘Hence, solving them, we have 








0, 














nmin nln ini—Em 
=s 24 i 
= alin’ — min) +b (nl = wl) +0(Im’—Tm) 
as in Art, 43, 

‘These coordinates are infinite, i. the two straight lines 
are parallel, if raat denominator of the right-hand member 
of (1) is zero, 

(mn aie ni) +0(tm'—1'm) =0. 


54. Fe fied he come set eo Se Ree at 


Let the equations of the lines be 
la+mp+ny=0 and Ya+m(B+n'y=0, 
On making the substitutions of Art. 46, the Cartesian 
equations of the straight lines are 
(1.008 w; +m COB Ww +7 008 ws) 
+y (Leino, +m sin w,+n sin w,) — (Ip, + mp, + np,)=0, 





and 
2 (I c08 w, + m' 008 w, +n! c08 uy) 
+y (sin w, +m’ sin oy +n’ sim oy) — (Up, + m'p, + n'p,) = 0, 
By Part I, Art, 69, these are perpendicular if 
(1.008 «+m 008 wy + 008 1) (2! 008 wy + 008 ay +1 008) 
+ (Laing, + msino, + nsina,) (U'sin, +m’ sin w,+n'sin w,) =0, 
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ie, if ; 
1 + mm! + nn’ + (mn! + 1n'n) 008 (1, ~ 0) + 

(nl! +10) c08 (04 ~ «) + (Fm + U'm) cos (ww) =0, 
ie, by Art. 46, if 
1+ mm’ + nn’ = (mn’ +m’n) cos A ~ (nl +011) cosB 

— (lm +1'm) cos C = 0. 
Cor. The equation 

‘aa! + B*-+ 6)? + 2/By + 2gya + Dhaf = 0, 

when it represents straight lines, is equivalent to 
(la+ mp +ny)(la+m'B-+n'y)=0, 


80 that 
mm! _nn'_mn'+m'n _al'snt _Im'4tm 
ia: | ea” 


and hence the straight lines are at right angles if 
a+b+0- 2/008 A ~2g 00 B- 2h cos C = 0. 


55. The angle between the two lines of the previous 
article may be obtained, For by Part I, Art. 66, we have 





In the case of the two lines of the previous articles the 
numerator 


= (7008 w, + m’ 008 wi +n! cos w) (sin w, + m sin w, + n sin w,) 
— (1.008 1, +m 008 wo +14-008 uy) (2' sin ey +m sin w, +n’ sin w) 
= (m'n — mn’) sin (w, — w,) + (n'0— nt’) sin (4 - 04) 
+ (Um =I’) sin (u,-«) 
=(m'n—mn') sin A +(n'l —nd’) sin B + (m —Im') sin C, 
since, by Art, 46, 
y-o= 0-4, o-0,=7-B, and w-a=r+ 0, 
Also the denominator is as in the last article, Hence 
(m'n—mn’) sin A + (n'—nl’sin B+ (I'm —Im') sin 0 
oo ee =(nt'+nijcos BY * 
= (lm’ +m) 008 0. 


tan 0= 
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‘The two lines are lel if 6= 0, 80 that the numerator 
of the right-hand side is zero, 
‘Thus the two lines are parallel if 
(mn! = m'n) +b (nl! =n'l) +0 (lm’ =m) = 0, 


56, Intercepts of a straight Line on the sides of the triangla 
of reference, 

Let the straight line, whose equation is 

lat mp+ny=0 ... (U), 

meet the sides BC, C4, AB in the points ?, Q, R. The 
coordinates of P are 0, CP sin C, and 2? sin B so that they 
are proportional to 0, e(a—2), and bz, whore 2 = BP, 

Hence (1) gives 

me (ae) + nba = 0, 








tte =", wo that the equation of the given lin 
becomes aa + bB + cy =0, all three of the above quantities 
are infinite, i.e, the given straight line meets each of the 
Pp cig reateed 
A, ively. This at ine is known as the 
Line at Infinity. of ie 

In Part I, Art, 386, we have shewn that the equation to 
the line at infinity in Cartesian coordinates is 

0.2+0.y+C=0 

or, more shortly, = 0, 

In Art. 43 we have shewn that for all points at a finite 
ae from the triangle of reference we always have the 

ion 


m 
t 


da + bB + cy =a const, 
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In the case of trilinears the equation to the 
thus reduces to '=0 also, 

‘Tho relation aa +B +cy=0 is satisfied by quantities 
which are proportional to the coordinates of any infinitely 
distant point. 

87. Condition that two straight lines may be parallel, 


at infinity 


Let the two straight lines be 
la+mp +ny=0 
and Ta+m/B+n'y=0 





In Part I, Art, 386, we have seen that parallel straight 
Jines meet on the line at infinity, Hence these two stenight 
lines meet on 

on(8). 





a+ DB + Cy =O cee ceccreseee 
Eliminating o, 8, y from (1), (2), (3), we have 
Lom n 
t, m, n'|=0 
a, b e| 
as the condition of parallelism. This has been obtained 
before in Arts, 53 and 55. 

Cor, The equation of the straight line at infinity, 
aa+bB+cy=0, satisfies the conditions, of this article and 
of Art. 54, for being both parallel to and perpendicular to 
any straight line la+mB-+ny=0. The explanation is that, 
the direction of the straight line at intinity is quite in- 
definite, 

88, Straight lines which pass through a given point 
(a, B,7/) and are reapectively (1) parallel to, and (2) perpen- 
dicular 0, the straight line la + mB + ny = 0. 

(1) Any straight line which is parallel to the given 
straight line through its intersection with the line at 
infinity and Fe) as in Part I, Art. 82, has as its equation 

la + mB + my +A(aa+ bB + cy) =0. 

If, in addition, it passes through the given point, then 

1a! + mp + ny! +d (aa! + bf! + ey) =0. 
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‘Hence, on elimination of A, the required equation is 
la+mB+ny aa tbh +ey 
Ta + mB + my ~ aa’ + OF + cy" 
(2) Let the required line be 
Lat MB +Wy=0...... 
Sinoo it passes through the given point, 
. La’ + MB + Ny =0 eas 
Since it is perpendicular to the given line, we hav 
1 (l—m.cos C~n.cos B) + M(m—n cos A ~ 108 0) 
+N (n= Loos Bm cos A) = 0...+.(8). 
Solving for /, M, N from (2) and (3) and substituting 
in (1); of, what is the same thing, eliminating Z, M, 4 from 
(1), (2) and (3), wo havo ns the equation to the required 
perpendicular 











a, 8, 7 
«, B ma 
1-mo0sC-neosB, m-noosd-leosC, n-Tcos B—moos 4 

59. Perpendicular distance of a given point (a', B', y') 
Srom a given straight line la+mB + ny=0. 

‘When transformed to Cartesian Coordinates, asin Art, 46, 
the equation of the line becomes 
2 (1.008 w, +m C08 w+ n 08) + y (sin o,+ m sin w, +m 8in w,) 

4 ~ (Ip. + mp, + np,) = 0. 

‘The perpendicular distance of any point (2, y’) from this 
line is obtained (Part I, Art, 75) W ‘substituting a’, y' for 
2, y in this equation and dividing the result: by the square 
root of the sum of the squares of the coefficients of # and y 
in the equation. 

‘The numerator when rewritten 

= 1(@! con, + y' sin w= p,) +m (a 008 a + y' Bin wy ~ py) 

+1 (2 008 wy + y/ Bin wy —; 

sla! mB’ +ny', u us 
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‘The quantity under the square root of the denominator 
= (1.008 w, + m 008 w +7 008 w,)* 
+ (Lsin o + msin og + nein)? 
=P + m+n? + 2imn 008 (1g — oy) 
4+ Bnl cos («,— 04) + 2/m vos («,- 04) 
=P +m! +n?— 2mncos d — 2nl cos B— Im cos C 
(by Art. 46). 
Hence the required perpendicular 
7 la’ + mf’ +0 
4+ m+n! —amn cos A - anlcosB - almcosO 


60. mx. 1. Show that for any triangle ABC the following sete of 
lines are 

(1) the biseetora ofthe angles; 

ft tines ning the vertices tothe mide points of the opaite 
sides; 


2) th perpendicular from the angular points opm the opps 
ides 


Tet D be the middle point of the side BC, And D, and Lhe pointe 
‘on BO where the bisector of the angle A and the perpendicular from 
upon BC meet BO. 


If s straight line pass through 4 its equation must be of the form 
8 constant, [For if the general equation la+mp + y==0 la satiated 
7 the corinne of 4, where and av both 2a, we mat 
1=0, and hence the equation beoomes f= 

(1) ‘The equation to AD, is 
£ scons =the vane af for any point on D, 








2 const.) 


Did sin 
sto value for Dy = al, 
Dyaain’ 
‘The equation to AD, is thus py =0, and thote for tbe 
lines tt the pot 


B;, OF; are-y~a=0 and a~B=0, Theoe all meet 
(ty 1, 2) 


(2) The equation to AD is 
scons the valu o at the point D= 





OD sind _¢ 
‘BDinB i" 
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Hence the equation to AD is 0 cy=0, and similarly those for the 
secvpootieg Maea/N| CF sts Hy caeOiual oe ihc eta 
all moot where aa=)B-=cy. 
(8) ‘The equation to AL is 
Cs coma CeO ieee Cala) ook 
7 = BL vin B coos B sin B~ 008 B* 
Hence the equation to AZ and the two corresponding lines are 
oot B~ +008 0=0; 008 0-a0084=0; and acos A -foos B=0, 
‘Theve meet where «cos d=B oot B= 008 0, i.e. at the point 
(cos B 008 0, 008 Coos 4, 608 A 608 B), 
Bx. 2, Find the equation to the eirele described upon the side BC 
af the triangle of reference as diameter. 
Che line through B is a~py=0, and one through @ is 
a-gB= 
‘These are at right angles if, by Art. 54, 
1=pqcos A+p 008 B +4 008 C=0, 
Eliminating p and g, wo havo at their point of intersection 
By +4 [B c08 B+ 008 0- « 008 4) =0, 
which is the equation required, 
Bx. 8. If p, g, r de the lengths of the perpendiculare drawn 
tea ie al inp rere ‘upon psig Ya 
‘ 


atpt+ 4g ctr2— Abegroos A - 2earpens B -2abpq cos C= 4%, 
swhere A is the area of the triangle, and that the length of the 
dicular from a point (9, Bo, yu) upon the line ts era ere 

Paag+ ghBot rey 








aa 
Let la-+mB-+ey-20 be the equation to the straight lin, 
‘Thon singe tho point 4 of the triangle of referees is (24 
have, by Art 58, 






p= 
hm + 
with similar expressions for g and 
BD oto Mo gre08 A ~ .. 
Also the perpendicular from (29, By, ) 
i dag + Bo + R70 


a tP%a t+ bg Bo tery 


a4 
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Gor, Binoe, by (i), 1: mins: pa: gb: re, the equation to the 
saigua tse 7 Paid! oge 
Paatgdptrey=0, 
P,Q, R are pointe on the sides BO, Cd, AB of a triangle 
ABC muh that BPsOG dR=PO QA.RB; shew that AP, BQ and 
CR are concurrent, (Cevn's Theorem.) 


; I BP. at +Q4.RB, prove that P, Q, R are collinear, 


Lat poe gee and Ph =r, wo that, in the first nso, Xyur=1, 


‘The equation to AP is 
Be cular from P 
m Pon 
ie. pee to the equations of BQ and CR are pye=aa and 
rear on malipling the ovations together, ose at they are 
ated by common values of 8, if 'yor}, which le given. 
Tibuad aes 1, Here, for the point P, 
B_POsind_c 
7 BPsinB¥5* 
‘Hence P is the point (0, c, Xb), Bo Q is the point (uc, 0, a) and R is 
(hrs, Themtoca siete el 








i.e. if mwabe+abe=0, i.e. if ur = 1, which is given. 


Mx. 8, ABC is a triangle ; AO, BO and CO are drawn to any point 
0 and meet BO, C4 and AB respectively in P, Q and R; QR and BO 
mee in RP ‘and C4 meet in Q', and PQ and AB in R’. Shew that 

PG. Rare collinear and thatthe ranges (BPCP',(2Q40'] and 
[ARBR’] are harmonie, 

Let the equation of AP be mB -my=0, let that of BQ be ny-la=0. 

‘Thos qaatone are cletlstife by the pont whoee cordate 





are bee +)» whlch a heretore the point 0, Henos the equation 
to CR in la-mp=0. 
‘The point Q is given by ny-la=0 

anf” ove(l)y 
and the point by la-mp=0) 

=f” (a). 


Asin Part I, Art. 82, any straight line through Q is given by 
ny~la+0=0, 
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and this passes through 2 it 
-t 

















=, he it hmm. 
Hence the equation of QR is -la+mB-+ny=0) 
Bence P’ is given by this and o=0) 
Bo Q ingiven by la -mp+ny=0 
and Hot 
‘and R’ is given by Ta +-mp -ny=0 
and pael , 
Any straight line through ” is then given by 
-lat+mpt+ny+pa=0, 
‘and this passes through @’ if 
ie, if w=, 


Hence the equation of PQ’ is la-+-mB +-ny=0. 
eit sary pomen though the pol, and hens P, Q’and Rare 


For the equation of AP’ we want an equation which is derived from 

ations (3) by adding some multiple of one of thet to some multiple 
‘of the other; since 4” passes through 4 we also want an equation 
Shins doce tot contain ar Hence the required eqation in obtained 
by multiplying the szond of equations (8) by I and adding it to the 
first, ic, the equation of AP’ is m8-+ny=0. lo toe ogeaioncl AP's 
‘wf - ny=0 and by Art, 5, or as will be seen in Art. 61, the straight lines 

y=0, mB-ny=0, A=0 and mi+ny=0 
form a harmonio pencil, ic. (BPC? is a harmonio range. 0 slso 
by symmetry [Cd0'} and [4RDR’] are barmonio ranges. 

‘The above example bes been written out at full length; but in 
practice the work is much shorter. ‘Thus from (1) and (2) the student 
‘would see on inspection that ~la+mf-+ny=0 was satisfied both by 
equations () ‘and by equations (2) and henoe is the equation he wants 

ine QR 
iy or the equation of P”Q’, sinoe it is derivable from (8) and (4), 

In working with trilinear coordinates attention must be given to 
‘considerations of symmetry, ¢.g. in the previous question the equation 
of RP was easily obtained from thet of QR by & cyclical change of 
4, By y into B, 7, « and of h m, n into m,n, b 

Bx. 6. Inthe question shew that the Hines 40, BQ’ and OR’ 
meet in a point U, the lines BO, CR’ and AP’ in a point V, and the 
Hines 00, AP’ and BQ in a point W, and hence given the line P' YR’ 
determine the point 0, 









‘The equations to 40, BQ’, OR' are mB-ny=0, ny+la=0 and 
aempad. Peeiadt cola dasta (eae Ba Bo for the 
oar sets of three lines, 
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Given P’, Q, R’, let BQ’ and CR’ give U, OR' and AP’ give V, and 
AP and BQ give W. Then AU, BY and CW give the point 0, 

‘The line P’ QR’ is called the polar of the point O with wo 
tha telangle, aad the plat O i called she pate ofthe line PQ). 


Bx. 7, 1f two triangles ABC, A’B'C' are such that the Hines 44’, 
BBO mat in poi 0, the he points of iteration of he ore 
‘sponding rides, vis. BC and BC’, Cd and 04’, AB and A’B', We on a 
straight line. 

‘Take ABC as triangle of reference and lot the point O be (f, 9). 


‘Theo the point 4’ lin on the strxight line &= 7, and henos it co 


inal may be taken to bee’ gh. Ho Bis the point (fh) and 
Fae ea eatin athe igi ine HE ton 
4(B'y'- gh) + Af (hv) +S (9-B)=0- 
Its intersection, D, with BO a Uhos given by 
en and Fo + =o. 


Similarly for the other two interseotions. ‘They all clearly lie om the 
straight line 





7 +p 
‘The two triangles 420, 4’B'C" when thoy satisfy the condition of the 
question are suid to be in perspective, ‘The point O is called the 


centre of perspective or homology, and the straight line on which 
‘the interseotions lie is called the axis of perspective or homology. 


"The above thearem is often expressed in the form copolar triangies 

are also coaxial. ‘Their pole is the oentre of perspeative and thelr 

axis the axis of perspective, 

More generally any figure of points P, Q, 2, S, .. is said to be in 

parma gure PY, QR 8%. if dhe straight lines 
QQ’, RE’, 88, ... all meet in'a point, the contre of perspective, 


EXAMPLES. 


1, Bhew that the coordinates of the centroid of s triangle whose 
angolar points are (a, f1, yi) (eas Bar 12) and (ery Pay v2) are 


tetas AthrtPy yg ntntn 
eae ed — 


2, Show that the lines 
43+ f0°+ye'm0 and acs A+ B08 B +7008 m0 
are parallel, 


3, Show that tho equation to the strnight line joining the in-oentre 
and ciroam-oentre of the triangle of reference ABC is 
‘4(c08 B ~ c08 0) + (cos 0 ~ 008 A) +» (008 A - e08 B)=0, 


in 4 
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that any point on it is (m-+n 008 4, m+noos B, m+n cos 0), and that 
it is perpendioolar to the straight line 
at pty=0. 
4, Show that the equation of the straight line through the cireum- 
ceaie, centroid, nie-pint Jabrelons prebontencl apc 


avin 2 sin (B- 0) + sin 9B oin(0~ 4) +7 sin 20 nin (4 - B)=0, 
‘and that it is perpendioalar to the straight line 
4.008 4 + B08 B +7008 C=0, 

‘Show also that the former of these straight lines passes through the 
four corresponding points for the tian, sisted by by joining the 
middle pointe of the sides of the triangle 4. 

ot eee, that te equations ofthe oad las inning the veri 4 

the triangle of reference to the circum-centre, centroid, nine-point 
pibrcdairy rd sererd respectively 
Boos0-yo0sB=0, sin B~ysinC=0, 
00s (4~B)~ycos(7-)=0, and Boos --yo0s0=0, 
‘and prove that they form a harmonio pencil, 

@, Shew that the intersections of any aide of « triangle with the 
‘external bisector of the opposite angle are collinear, and that their 
intersections with the tangents to the ciroum-cirele at the opposite 
‘angles are collinear also, 

7, Shew that the equation to the stra een epee rope t= 
the pol “aod open oe the side BC of the tri- 


[o & i | 
“ B =0. 
~1, 0080, as | 
aS Sw that she perpndiclare to the sides of rane throagh 
‘middle points are concurrent. 
oa Show that the straight lines, which are parallel to the side BC 
of the triangle of reference and are twioe as far from 4 as it in, are 
Qaa+ bb +ey=0 and Yaa + Bp +Bey=0. 
10, Show that the straight line @=py is inclined to the side 4B at 
anangle tan" cond” 


11, If threo straight lines through the vertioos of a triangle are 
eoasesiiney late tom ‘equally inalined with them to the 
bisectors are concurrent also. 

(Por A~py=0 and y ‘re corresponding lines.) 

In the the first threo lines are the medians, 
the second three lines are called the symmedians and their point of 
contoarrente the ayrsmedian poloh whoes eoordiualas ar (ey ¢- 
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12, If the straight tines 8 = $2.0 87 moot in point 0 and the 


straight lines Satta in » point 0’, prove that the six angles 
OAB, OBC, 004, 0'40, O'BA, 0'CB are all equal to the same angle w, 
‘and that oot w=oot A +00t B +00 0. 

[0 and 0’ aro known as the Brocard points of the trisngle ABO, 
‘and w aa the Brocard angle.) 

61, Cross-Ratios, The propositions of the preceding 
Chapter hold for trilinear coordinates just as for i 

Suppose that wo have a pencil of four straight. lines 
passing through the point A of the triangle shying 
whose equations are 

B=niy B=ray B= pry and B= py. 

Let them be cut by a straight line parallel to the side 
AB in the points P,, P,, P;, P, and let the straight line 
meet AO in 0. 

These points all have the same value for y; hence the 
values of f for the points P,, P,, Ps, P, are proportional to 
Pry Par Pay Py Bnd hence the values of OP,, OF, OP,, OP, 
are proportional £0 p,, Psy Psy Pa- 

1. the orose-ratio of the peneil = (P, P, P, P,) 

(P=?) (PoP) 5 
= 4. 
(Ps=m) (=p)? 2 At 

Tust as in Art, 5 it follows that the straight lines 6 = 0, 
B=p,y, 7 =0, and B= p,y form a pencil whose cross-ratio 
is ce and that the four lines B= 0, B=p,y, y=0, B=-p,y 
form a harmonic pencil. 

Also, as in Art. 9, the straight lines 

af* + 2hBy + by? = 0 and a/ft + I’By +b'y*=0 
‘aro harmonically conjugate if 
ab! + a’b = Qhh'. 
62. The cross-ratio of a ponoil of four concurrent straight 
lines whose equations are 
hatmB+my=0, — hat+mB+my=0, 
Lat mB +my=0, and la+m,2+my=0,: 
4-2 
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being equal to that of the four points in which these straight 
lines meet the side BC of the triangle of reference, i.6, a=0, 
is equal to the cross-ratio of the four straight lines 
mp+my=0,  — mB+ny=0, 
mB +nyy=0, and mB+ny=0, 
which join 4 to these four points of intersection, 
63. If P=la+m,B+n,y=0 and Q=ha+mf+ny=0, 
the croww-ratio of the four straight lines given by 
P+Q=0, P+yQ=0, P+Q=0, and P+4Q=0 
is (y=) (Acs) 
(=A) (=) 
For let X and Y be the perpendicnlars from any point 
upon the two straight lines 2 = 0 and Q = 0, a0 that 
Pate La+mB+my z 
18+ m2 +n, ~ 2m n, cos d —2n, 4, con B— 2m, con C 








= z (sy), 


2 
and ne 
‘The equations to the four given straight lines are thus 
ACY, aba, 
xe ee 
Lee GY * 
Kans and Xe, 


and then, as in Art, 61, the cross-ratio is as stated, 
Gor. These straight lines will form a harmonic pencil if 
(dn As) (An + Ay) = DALAs + SAA 
64, Complete Quadrangles and Quadrilaterals, 
Let P, Q, Rand S be four points forming a quadrangle, 


Let PR and QS meet in A, PY and QR in B, and PQ and 
RS in C, 80 that A, B,C are the vertices of the quadrangle, 


Take ABC as the triangle of reference, 
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Tet the coordinates of S'be J; 9, 4 so that the equations 
of BS and CS are respectively 


(I), 
(2), 





and 


By Arts 15, BQ, B4, BS and BC form a harmonic pencil, 
so that the equation of BR is (Art. 61) 
a 
aa =0 (3). 
By the same article C[PASB) is harmonic, so that the 
equation of CP is 
Ley 8 =0 
CO 
P is the point of intersection of (1) and (4), so that its 
coordinates are proportional to ,~g, i. @ similarly has its 
coordinates given by (ant (4) proportional to +f; ~g,-, 
‘and, from (2) and (3), the coordinates of & are proportional 
tof, 9, ~ he 
‘Bx, In addition to the equations found in the previous article, shew 
that the following lines have the equations set against them; 


oyRP, 8+ T=0; 0480, H -Ta05 








01a ees? 0; 048, FB Pao; 


a Ya 
oP, +8 F=03 O4R, Feb foo, 
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65, Let PQ, QZ, RS,and $Pbe four straight ines formin 
a quadviatarl, Lot PQ and RS moot i 0, and PS an 
QR in 0,. If the diagonals PZ, QS, and 0,0, moot as in 
the figure, then 4 BC is the tri- 
angle formed by the diagonals 
of the completo quadrilateral. 
‘Take ABC as the triangle of 
reference, 

Tet the equation to PQ be 
la+mB+ny=0, s0 that 0, 
is given by this and a=0. 
Hence the equation of 40, is 
mB +ny=0, 

‘Now the peneil 4 (0,0, i 
is harmonic (Art Ng phi equation of 40, is 

m=ny=0. 
la+mB +ny= 4 
ya 
and 0 isthe point" "Y= 





Hence Pi the point 


. the equation to PS is la + mB — ny =0. 

So isto point FH 
Heuce the equation to Q0,, i. QR, is la—mB + ny =0. 
la mB + ny= 4 

y= 0)! 
la + mp — ny = 0 

B=0)" 
Hence the equation to RS is — la + mB + ny =0, 

‘The equations to the four straight Hines forming the sides 
of the quadrilateral are therefore, when referred to the 
triangle formed by the three diagonals as the triangle of 
reference, of the form 

la + mB t ny =0. 
Also the coordinates of the four points which are the 
angular points of the quadrangle are also, when referred 


Finally iw the point 


and Nis the point 
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to the triangle formed by the three vertices as the triangle 
of reference, of the form 


th to th. 

It must be carefully noted that the triangle of reference is 
different in the two cases; the words in thick print may 
assist the memory; it will be noted that lines go with lines, 
and points with points, 

‘x. In addition to the equations found in the previous article, show 
that the following lines have equations as eet against them 

OP, la+mp=0; CR, la~mp=0, 
BQ, la+ny=0; BS, la-ny=0. 

@6. Bx. Shew that the middle points of the diagonals of a quadri- 
lateral lie on a straight line. 

Using the notation and figure of the Isst article let U, V, W be the 
middle points of the diagonals 0,0,, QS, and PR. 

Since is the middle point of PR it, with the point in which PR 
meets the line at infinity, divides PR harmonically. Hence CW and 
the line through C par to AB divide CP and OR harmonically, 

The line through 0 parallel to 4B is aa +b8=0. 

‘Also R being the point 

la-mB+ny=0 
120) 
the equation of CR is In-mf=0. So that of CP is la+mB=0. Hence 
if the equation of CW is a8 =0, the four straight lines 
la+mp=0, a-\8=0, le-mp=0, and aa+0p=0 
ate a harmonic pencil. 
Henoe, by Art, 68, Cor., 


mi? ob 
On-H-aee 
. : 
a dat, andthe equation to OW" in a+" p=0, 


: 
2, Win given by 2 p= and y=0. 





Bo in given by pi" y=0 and a=0, Bo for V. 
All dhreo points lio on the straight line 
Bemate yet 
git petted. 
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Areal Coordinates. 


67. Another system of coordinates, which is often used, 
is one in which, instead of having the position of the point 
P (Art, 42) given by the iculars on the sides of a 
fundamental tri we determine it by the ratios that the 
areas of the triangles PBC, PCA and PAB bear to the area 
of tho triangle ABC, We shall denote these coordinates by 
the quantities «, y, # 60 that 
1 


2 4 
BPR" 301" KPAB™ BABC™ 
Now APBO =} a, ote,, 80 that ‘ 
aa 
tae Y= 9K 


where 4 is the ares of the triangle ABC, Clearly wo always 
have 





aty+e=1, 


Any homogeneous equation in a, 8, y can be at once trans- 
ferred to the corresponding areal equation by substituting 


*, = for o, By respectively, and conversely. 


68, The work of the previous chapter to a great extent 
is true for both trilinear and areal coordinates, and need not 
be repeated. Subjoined are the formulae and results which 
are different in areal coordinates from what they are in tri- 
linear coordinates. ‘They can be obtained independently or 
by substitution from the corresponding trilinear formulae, 

‘When areal coordinates are implied we shall always use 
a, y, #48 the coordinates, and pa + gy + rz= 0 as the standard 
form of the equation to a straight line, 

I. The fundamental relation batween the areal coordinates 
of any point is A 
w+yteel, 
and the equation to the line at infinity is 

w+y+s=0. (Arts, 43 und 56.) 


AREAL COORDINATES aT 
IL, The area of & triangle whose vortices are (2, yiy %)s 
(ay Yar %) and (ay Ysy 4) is 
‘Sy Yn Fi 
Axl ay yu %|- [Art 50) 
ie 
IIL. The straight lines px +qy +12 =0, parqy+rs=0 
are perpendicular if Mest 
apy! + Viqq! + ore! — be (gr’ +47) 008. A 
ca (rp' + r'p) 008 B — ab (pq' + p'q) 008 C = 0, 


and they are parallel if 
an 
Ip, gh 1 |=0, [Arts 64.and 67.) 
th det 





TV, The \dicular distance of a given point (2’, y/2') 
from the straight line pe+ gy +r2=0 is [Art. 59) 

a (pz! +qy' +12’) x 24. 
slaty? + big? + ch — 2begr cos A = 2earp 00s B - 2abpq cos C 
Since the areal coordinates of the angular points 4, B, C of 
the triangle of reference are (1, 0, 0), (0, 1, 0) and (0, 0, 1), 
it follows that the perpendiculars from these angular points 
on the straight line are proportional to p, g, r, Also that, 
if p,, gy 7% are the actual perpendiculars from these angular 
points, the perpendicular from any point (29) ys, %) i8 
Paka + QYo + M2 


69, Jue us the coordinates in trilinear coordinates are 
transformed into the corresponding areal coordinates by 
putting a==, =f, and or 20 the constanta in the tri- 
linear equation of a straight line are transformed into the 


corresponding constants in the areal equation by putting 
Lpa, m=gb, and n= re, 
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BXAMPLES, 
1, Show that the equation 
» 
sapterts(24§) pr+ (+ )re+ (+4) ap=0 
tives only one finite line, 

2, Pind bedhead gl aol of straight lines which con- 
neoia pairs of points given as the intersections of a?=(mB-+my)? and 
B= (my+na)®, 

3, In the question of Art. 60, Bx. 5, if the point O moves on & 


fixed straight line, shew that its polar line P’Q’R’ touches « conic 
insoribed in the triangle ABO. 


Show also that BQ’, OR’, and AP meet in s point 0,, such that 
(40PO,) is harmonic, 
4, In areal coordinates shew that tho straight lines 
sin A-+y sin? B+e sin?O=0 
aod con! d +y coo B +s coe? C'=0 
fare both perpendioular to the Line joining the oentrold and ortho-centre 
of the triangle of reference. 

6, ‘The vortices of s triangle move on three soncurrent lines and two 
of the sides pase each through s fixed point. Shew that the third side 
passes through a fied point collinear with the two given fixed points, 

6, The vertices of a triangle move slong three fixed lines and two 
ot the sides pas throngh two fed pointe; find the eneope ofthe 
third side, 





7, A variable line passes through a fixed point; find the loous of 
the point on it which forms « constant crose-ratio with the three 
points in which it cuts the trisngle of reference, 

8, ABC is a triangle and P, Q, R any points on the sides BC, C4 
and 4B; QR and BC meet in D, RP and Cd in E, and PQ and 4B 
in F. If DF avd BQ meet in G, and DK and CR in H, shew that EG 
and FH meet on BC at» point P’, euch that (BPCP’] is harmonio. 


9, If trinogle ABC is circumscribed to the triangle PQR so that 
BO, C4, AB pase through the points P, Q, R ively, ahow that 
tn lofinite number of triangles can be drawn which are Insoribed in 
the triangle PQR and also are ciroumsoribed to the triangle ABC. 

(Draw any line through 4 to meet PQ, PR in N and M and let BY 
meet QR in L; prove that LAf passes through C.) 

10, ‘The perpendiculars from the vertices 4, 8, C of one triangl 
the sides BC’, C'4’, 4’B’ of o coplanar triangle are conourrent, ‘shew 
that the perpendiculars from 4', 2', 0’ on the sides BO, 04, AB 
respectively are also concurrent, 


11, ABC in a triangle; 4D, BE, and OF are the perpendioolars 
upon the oppocie vides; meets BC in L. Show that if © tn the 
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ortho-centre, OL is perpendioular to the line from 4 to the middle 
point of BC, 

12, Points D, H, and F ato taken on the sides of triangle ABC 
uch that AD, BE, and CF are concurrent aid L, M, N are the middle 
points of BF, FD and DE respectively, Show that AZ, BM, and ON 
moot in a point, 

{Lot the equations to AD, BE, OF be B-py=0, y~ga=0 and 
a-rB=0, so that perl, aud the equation to EF is ga- qr -y=0, 
Now (Art. 6), aince Lis the middle point of ZF, AL and the line 
through 4 parallel to EF form  harmonio pencil with 4B, AC. Also 
the equation to this parallel Line is easily seen to be 

98 (b+ar) + (a +eq)=0. 
‘Henoe (Art, 61) the equation to AZ. ix 


‘ b+ (a+cq). 
fo for BM, Cw ot) 98 (b+ ar) = (a+c9). 
its Soek te Socet i pital Peek Wk LD), F ae a a 


of from it upon the sides of the triangle of reference 
ABC AD, BE, and OF are concurrent. 


14, A triangle PQR is circumsoribed to s triangle 4BC and is in 
perspective with ytiten the lines joining 4 to the vertioes of 
the triangle PQR are harmonio conjugates to 4B and 4C. 

16, If parallels to «=0, 6 =0 be drawn through the intersections of 

la+mB tny=0 and Va+m'p+n'y=0, 
shew that the four lines will form s harmoni pencil if 
(n+) +-Sabmn’ =e (nt +n!) +-00 (men! +n). 
16, Shew that the cross-ratio of she four straight lines 
M+uy=0, NB+ny=0, MB+m7=0 and yB+1,7=0 
0, 











is 





17,. Shew that the locus of « point which moves vo that the straight 
lines drawn from it to four given non-collinear points form « pencil 
of given cross-ratio is n conic passing through the four given points, 

[Tako the four points as (+f, +9, +A).) 

18, Shew that in a complete quadrangle the three sides of the 
barmonio triangle aro met by the sides of the quadrangle in six points, 
other than the vertices of the harmonic triangle, which lie by threes 
on four straight linos, and hence that these six points aro the vertices 
of « complate quadrilateral whose diagonal triangle in that formed by 
the vertices of the quadrangle, 


19, Each angle of the | jlo formed by the diagonals of a complete 

Pied phyimp st the diagonal which does not pass 
through it; prove that these six lines pass, threo by three, through 
four points, 


CHAPTER III 


TRILINEAR COORDINATES, 
EQUATIONS OF THE SECOND DEGREE 


70, We shall take as the general equation the form 
aa? + bf" + cy + 2/By + 2gya + Dhap = 0, 
and shall often write it in the form ¢ (a, B, y)=0. 

‘Thin form has the great advantage of agreeing with the 
general equation in Cartesian Coordinates ; for, on putting 
y=1 and replacing a, 8 by a, y this equation becomes the 
standard Cartesian equation, 

Tt has one disadvantage ; the quantities a, 8, ¢ of this 
general enution may be tnistaken for the lengths a, 6, ¢ of 
the triangle of reference. Whenever there is any possibility 
of mistake, the sides of the triangle of reference will be 
denoted by the symbols a,, 6,, ¢. 


71. To find the equation to the tangent at any yiven 

point (a; 8, 7) of the conte 
(a, B, y) = aa? + 5B" + cy + 2/By + 2gya + hap =0. 

As in Part I, Art. 373, the equation to the lino joining 
the points (a’, #7’) and (a”, 8’, y”) lying on the curve is 
(a~a') (a~a")+6(B-B')(B-B")+0(y-y)(y-y') 
+24(B-B)(y-7') +2 (y~7)(a~a") + 2h (a~a) (B-B") 

=$(a, By). 
For it is satisfied by the values a=a', B=’, y=y and also 
by the values axa’, B=", y=y''; aleo the terms of the 
second degree cancel on each ido and hence the equation 
isc ‘a straight line, Hence it is the required straight 
line, 

‘Let now the it (a, 8”, 7") move up to and ultimate! 

acide ite on vail (CIE) ood then te seigh ied 
becomes the tangent at (wf, y). 
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On patting a”=a', "=f", and y’=y' the equation be- 
eames ince (ef) =0 

aaa’ +bBB'+oyy'+f(Ay' + Bry) 

+6 (ya'+7'a) +h (a8! +a'8) 20. 

‘This may be written in either of the forms 
a (aa + AB’ + 9y/)+B (ha’ + 08'+ fy) + y (ga +/8'+ 07) = 0, 
or a! (aa + KB + gy) + B (ha +68 +fy) +y' (ga + JB + ey) = 
or again, in the notation of the Differential Calculus, it aay 
be expressed as 





d 
or Aephaito 


72. To find the condition that the straight line 
la + mB + ny =0 

may touch the conic 
aa? + BB+ oy + I/By + 2gya + ZhaB 

The equation to the straight lines joining the angu 
point A of the triangle of reference to the intersections of the 
straight line and conic are given by eliminating a between 
the two equations, and hence it is 
(m+ my)+ 2 (6 +07 +2/8y) ~2U(py +8) (mB + my) =0, 
ie, f*[am* +2 2Nm] +2By (ann +fP- glm—hin] 

+7/[an'+ol* = 2gin)=0......(3). 

For, being derived from the equations of th 
and conic, it is satisfied wherever they are, ic. 
of intersection ; also itis stisied at the point 4, 
into two linear factors, real or imaginary, and is therefore 
two straight lines, 

Tf the given line is tangent, the two lines given by (3) 
coincide, and (3) is a perfect square, This is the caso if 
(amn +,f0—glm — hin)! = (amb? Bhim) (an* + ol Qgln), 
is. if 
1B (bo—f%) +m" (ca—g") +n! (ab —h) + 2mn (gh - af’) 

+2nl (Af bg)-+ 2m (fy ~ch) =0 veseu(A), 
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ie, if 
AP 4 Bm'+ Cn! + 9Fmn +2Gnl +9Him =0...(5), 
where 4, B, C, F,G and H are the co-factors of a, b, ¢, f, 9 
and / in the determinant 
aohg 
af 
nhe 
‘The equation (4) or (5) is called the Tangential Equa- 
tion of the Conic whose Point Equation is (2), It may 
be written in the form 
4h gy 
|b b Sf 
ahs 
1h om %, 
‘This form may also be obtained directly. For if 
la + mB +ny=0 
is the equation to the tangent at the point (a’, 4, 7’), then, 
comparing it with the equation tothe tangent in the previous 
article, we have 
aaa’ +B + gy’ _ hal + bf’ +fy’_ ga'+fB' toy’ 
“i De eee 
saa! +hB +g - N=0, 
ha’ + BB + fy -Am=0, 
ga' +B + cy'—An =0. 
Also La! +m + ny =0. 
Eliminating a’, f', y, and A from these equations we 
have (6). 
Some particular cases of the tangential equation are as follows: 
Ciroum-conio, L/py+ Mya+Nap=0; Tangential Equation 
TAB + Mint Unt 2MNewn~2NTal ~ 9 Min = 0, 
ie. ADt+ /Mim+/Nn=0. 
In-conic, «Lat ./MB + a/Ny=0; Lmn+Mnl +Nim=0. 
Belt-conjagate conio Le?+ agt+ Nyt=0; eat tao. 
Conie pry- ka?=0; P~dkmn=0, 


A= 








or ~ 


=A (say), 
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78.- Tein casily seen that the Point-Equation of the cunic 
is obtained from the Tangential or Line-Equation of the 
conie in precisely the same way as the Tungential Equation 
is obtained from the Point-Equation, 


For, starting with equation (5) of the previous Article, 


we have 
BC- F*=(ca—g') (ab—h)-(gh-af)! 
=a [abe + Yfgh — af" bg" ch") =a. 

Similarly CA—G* =A, and AB-H*= ed. 

Also 

GH ~ AF = (hf -bg)(fy- oh) - (bo-f") (gh ~af) 

=f [abe + Yfph—af*~bg'~ch*]=/d. 

Similarly HP -_BG =gA, and FO-CH=hs. 

‘Thus, if to the coefficients of (5) we apply the same process 
by which the coefficonts of (4) are Grivat teae Ghose 2), 
we arrive at (2). 

This may be verified independently by finding, as in 
Part I, Art, 437, the envelope of (1) under condition (5). 

For, eliminating /, we have 

m* [4B + Ba? - 2Hop) + 2mn [ABy + Fa’— Gap —Hya] 

+n#[4y'+ Cat ~26ya] =0, 
the envelope of which is 

(4By + Fat~GaB — Hya)* 
$ = (AB + Ba? 2Haf) (Ay? + Ca’ ~2Gya), 
ie. 


a8 (BO—F%)+...4...42 (GHAR) By + oo. += 0...(6), 
‘ie, by the relations proved above, 
aa! + bB* + cy' + 2/By + 2gya + 2hap =0, 
which is (2). 
Clearly the coefficients in equation (8) are derived from 


thono in (5) by the same process by which the coofficients i 
beara as cbtatned from thes in (I). 
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74, Condition that the conic may be a parabola, 

If the conic be » parol it touches the line at infinity 
ta+bA+ey=0. Hence a, by, ¢, must satisfy the tan- 
gential equation of Art. 72, 

Aa! + Boe + Cop + 2F bye, + 26a, + 2H,b, = 0, 


or 
(bom fag + sas tone #(gh= af) B05 + oes + ons 0. 

‘The condition that the conic may be an ellipse or & Ke 
bola may be found by finding its intersections with the line 
at infinity, and introducing the condition that they may be 
both imaginary or both real, On substituting a, b, o, for 
1, m, n in equation (3) of Art. 72, wo should find that the 
conic is an ellipse or hyperbola acoording as 

Aa + Bhs + Cof + 2Fbty+ 20¢ya, + 2Ha,b, 

is positive or negative. 


75. Polar of a given point. 

Tust as in Part I, Art. 375, it could now be shewn that 
the polar of a point (a', f', 7’) with respect to ¢ (a, 8, »)=0 
is 


slat AF oA i) lo IB tn) =9 
di the polar of th point (2,7) i of the anme form ax 


the tangent at the point (a', &, y’) when the latter is on the 
curve, 





"This may be written either as 
ao fheagp ergo 
or as 
bee pergtao 


‘The polar of (a, f, 7’) will therefore pass through the 
point (a", f, 7") i these two points will be conjugate, if 
a’, fi, x" satiaies equation (1), i.e. it 
aaa'a” + bB'B" + ey'y" +f(By' + B'/) + 9(ye" + y'e') 

+h (a'B" +0"f’) =0. 
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76. Pols of a given line. 
Tf the given line be 
la+mBtny=0 .. sen), 
if ite pole be (a’, f’, 7’), this anak bob same 
sity da meriea telat is 
‘Hence, for some Sidi we have 
da’ + hB' + gy =, 
ha’ + BB + fy = mA, 
and ga +fB + ey’ =nd. 
It A, B, (ots, bo daksed ants Art, 72, we thus have 
a 
Bg 
+Hm+ On H+ Bm+ Fn = ae Pat Oa” 
Hence the pole of (1) is 
(4+ Hm+ Gn, Hl+ Bm+ Fr, 1+ Fm+ Cn). 
‘This Lies on the straight line 
Vat m’B+n'y=0 ssossessesensrn(®)s 
ise, the lines (1) and (2) are conjugate, if - 
0 (Al+ Hm + Gn) +m'(H1+ Bm+ Fn) +n! (G+ Fm + Cn)=0, 
ie, if 
AU! + Bram! + Cnn’ + F (mn! + mn) + G (nl! +n'l) 
+H (lm' +1'm)=0. 
77. To shew that the diameter of the conic 
(a, B, 7) = aa" + bf + oy! + 2/By + 2gyat 2haB = 0, 
which bisects chords parallel to the cpaeladaal 
4 (ent) + Flot) SP - ma) 0 
Tis dnote required is the one which is conjugate to 
pees and is therefore the polar of the point in 
which the given lines meet the line at infinity. This point 
Rive ly aieren ree Unt =0of the given 
ine, and is (me—nb, na ~lo, 1b~ma). polar of this 
ya ty Art, 75) is 
(me = nb) (aa + WB + 9y) + (na Le) (ha+ 08 +/9) 
+ (b— ma) (ga+fB + cy) =0. 
5 


a 
ra 


Ln 
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78. Coordinates of the centre of the conie, 
Let (a, 8, y,) be the centre, ‘Then its polar is the line 
at infinity, and therefore is 
Ga + bB+qy=0, 
where @), b,, ¢ are the sides of tho triangle of reference, 
Comparing this with equation (1) of Art, 75, we have 
+ ABs + gy, _ has + OB + Fy, _ 9 + fBi + oy, () 
a 6 ee eas 


equations to give the required coordinates, 
Aliter. The centre is the pole of the line 
40+ 5B + ey =0. 
Hence, as in Art, 76, its coordinates are 
(Aa, + Hb, + Gey, Hoy + Bby + Fey, Ga, + ¥b, + Coy). 
Or these coordinates can be obtained by solving equations (1), 


‘Particular Cases, 
Circum-conio, Lpy+ Mya+Nop=0; 


+ centre, 

[L(Mbo+ Neg Lag), M(Neq+ Lag My), N (Leag+Mby~ Nea]. 
In-conie, Ta Ailes /¥7=0; 

contre, [Meo +Nbpy Nag+Leo,  Lby+ Mag}. 
Belf-conjagate conic, La’+ Mst+Ny*=0; 

dy by oo 

ae (3.5.9). 
Conic, By-kat=0; 

centre, (ay, Meo, Ikby). 


79. Equation to the tangents from a given point, 
Just as in Part I, Art. 389, the equation to the pair of 
tangents from (a’, f, 7) to the conic ¢ (a, 8, 7) is 
(0) By) x (a4 By 7) =U errresnrse (1), 
where 


15 (aa + AB + 9) + B (he + 8 + FY) +n! +f8 + 0). 
On simplification, this equation becomes, with the notation 
of Art. 72, 
a! (CB + By? — 2FBY) + wt. 
+ 2Py[- Fa" — AB'y + Hy! + OaB'} +... +... 20. 
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Director Circle. By Art. 54, Cor., ins eenigh loos 
are at right angles if 
(CB + By? 28 BY) + 00s + on 
+2 [Fa + Ap'y — Hy/a! - Ga'B'} 008 A+... +... =0, 
Hence the locus of (a, fy’), ie. the Director Circle, is 
[B+ 0 + 2F 008 A} +... ++ 
+ 2By(4 008.4 - FG 008 U — H 008 B) +... + ++ =0...(2). 


‘Particular Cases. 
Ciroam-conio, [y+ Mya+ Nop =0; 
ireotor circle, 
(MP4. N¥— ONIN 008.4) + 4. Foe 
+2fty(L(L 008.4 + 008 B +N 008 0) + MIN} +... 4.0.0, 
In-conie, JLa+ fp + J =0; 
director circle, 
Loos det+ ...+ ..-By[L-+M 008 0+N 008 B]~ 
Belt-oonjugate conic, Lat+Mf+Nq?=0; 
Aireator circle, 
L (MEN) Be sachs $M 008 A « Byron oe 20 
Conic, Pyke! =0; 
director cirele, 
~ dhe00 da? + f+-72+98> (2k -+-008 A) + Aye cos C+ AaB cos B=0. 
80. Condition that the conic may be a rectangular hyper- 
bola, 


Onchanging the general equation to Cartesian Coordinates, 
as in Art. 46, the Gem sata ald ial f aft teapetavaly 
1.008" w, + b 008" w+ ¢ 008" w, + 2/008 ut 008 1, 

+ 2g 008 «, 008 w, + 2h C08 w, 008 5, 





.=0, 





and 
siti w, + bain? w, +cxin® w, + 2/sin w, sin oy 
+ 2g sin w, sin », + 2h sin o, sin w,. 
feo} Part I, Art, 358, it represents « rectangular 
preoeer 


+b +04 2/008 (1, — w) + 2g 008 (125 — w,) + 2.008 (uy —w,) = 0, 
or, by Art, 46, if 
a+b+c~2f cos A ~ 2g 008 B - 2h cos C =0. 
toad 
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81, Condition that the general equation may represent two 
straight lines. 


Just as in Part I, Art, 116, the equation breaks up into 
linear factors, and therofore representa two straight lines, if 
abe + Yfgh—af*- bg'—ch* = 0, 

82. Equation to the asymptotes of the general conic. 

‘The asymptotes are the tangents drawn from the centre 
to the conic, and are therefore given by tho first equation of 
Art, 79, where (a, 8, 7/) are given by 

al $B + oY MOB EA _ get DR ey 
a b % 
and hence 
a | A SRS Mao 

Aa,+ Hb, + Go, Ha,+ Bb,+ Fo, Ga,+Fb,+ 0a” 3° 
with the notation of Art. 72, 

Then 

9 (6, By y)=0' a A+ Bd Ay ed 

a” 

=] [aa (day + Hb, + Gea) +b, (Ha, + Bb, + Fey) 
+6, (Ga, + Fb, +Cc,)] 
2 
t x [da + Bb24 Coj'+2Fbe, +2Ge,a, + 2410,b,) 








u=al[ad] +B[bA]+y[eA] =A [aa +b,8 + ey} 
‘Hence equation (1) of Art, 79 becomes 
(a, B, y)[Aa'+ Bb, + Co? + 2F bq, + 2Gcya, + 22a, 0] 
=A (qa+5,B+ ey, 
which is therefore the required equation of the aaymptotes. 


83. Equation to the circle circumscribing the triangle of 
reference. 


Let P be any point (a, f’, 7) 90 situated that fis noga- 
tive and a’, ¥ itive. Draw PL, PM, and PN per 
pendicular to BC, C'A, AB respectively, so that 2 MPN = A, 
1 ¥PLan-B, and .LPM=C. 
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‘The areas of the triangles MPN, NPL, LPM are then 
respectively 
}PM. PNsin A, YPN, PLsin B, and }PL, PMsin 0, 
ia -4B'y'sin A, }yo'sin B, and ~Ja'f'sin 0, 
*. OLMN=A PUN +S PML-ASPNL 
=—}(By/sin d + ya! sin B+a'f' sin C}, 
[Tho same result will be found to be true for the magnitude 
cf tho area of the triangle for all positions of P.) 

If the point P lies on the ciroumcircle of the triangle 
ABO, the feet L, M, N of the perpendiculars lie on a straight 
line, viz, the Pedal or Simson line of P, and hence the area 
of the triangle LAW is zero. 

Hence, in this case, 

By sin A +o’ sin B+ a’ sin =0, 
ive., the equation to the circumcircle is 
Aysin A + yasin B+ af sin C'=0, 
or a,By +b,ya+¢aB = 0. 

‘As in Art, 72 the tangential equation of the cireumeircle 

is easily seen to be 
Va, + Vmb, + Vn0, = 0. 

84, We have seen, in Part I, Arts. 387 and 388, that, if 
‘S=0 be the equation to any circle, the equation to any other 
cirele is of the form $= yu, where 1 is of the first degree, 
and that the equation to any concentric circle is of the 
form S=p,, where m, is a constant, 


Using Art. 44, in order to make the equations homo- 
geneous, we see that the equation to any circle whatever is 
= (a+ mB + my) (aya + DB + c0y), 
and that the equation to any concentric circle is 

S=p(qatbB+ oy) 


where J, m, m and » are any constants whatever, and $= 0 
ia the equation to any circle, 
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85. To find the condition that the general equation of 
the second degree 

$ (0 B, 7) 3 ant + B6"-+ "+ 9fBy + 2pya + Bhaf = 0...(1) 
may represent a circle. 

Taking S=0 as the circum-circle, we see that the equation 
to any circle is of the form 

hy + byya + G08 = (la + mf + ny) (aya + byB + oy). 

Comparing this with equation (1), we have 
o bie a 29 
Ta,” ib, rey ~ m0, + nb, — ay ra, + Loy By 


‘The required condition is therefore 

e+ cbyt— 2b, = 004? + a! — 29¢ 4 = ab,! + bay! ~thay 
for each of these quantities is equal to a,0,¢,A. 

86, The equation to any circle being 

aBy + bya + caB = (la +mB + ny) (aa + bB +ey), 
tosh that 1= fe, m=2, and n= 2, where by by hae 
oa Canteens esa nd ass Bs 
9 to a,b, care t 

Tepe ot le to ripe orton 

Let the circle meet the side BC of the triangle of reference 
in the points 4, and 4,. ‘Then these points are given, on 
putting a =0 in the equation to the circle, by 

bp + (me + nb— a) By + ney! =0 ........(1). 
If w be the distance of the point 4, from 3, then 
B _ACsinG _(a-2).0 
re TAC er 
Hence (1) grea 
mbe! (a )'+ (me +nb—a) box (a2) + nbtew! =0, 

ie. aa [mo — nb +a] +mea =0. 

‘The roots of this quadratic are BA, and BA,; hence 
mea = product of the roots = BA, . BA, = tf. 
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Bo for the others. 
i taf, mat, and nal, 
Cor. The radical axis of this circle and the circum-circlo 
of the triangle of reference is 
4! ut, yt 
hott aah tyne 
87. From the preceding article we can easily write down 
‘the equations to some important circles. 
In-cirole. Here ¢,=s—a, t,=s—6,and 4=8-c, 
Honce its equation is 
By rbeteh ; 
(2 0 Co pg Fon + 88-7, 
te, 
@ (s—a) a? +... +... + boBy [(s—b)*+(s-0)'-a"] +... +... =0. 
Now 
(0-2)8+ (0c) +2 (e—b) (sc) = (0b + 0-0) = ak 
Hence this equation is 
0°(s—a)fat +88 (6-8) f+ of (eo)! 9? Mbe (t—b) (4c) By 
~ 2a (sc) (8— a) ya— 2ab (8a) (e—b) a8 = 0, 
ia sJa(e=aja+ J5(—b) B+ Jo(e—0) y=, 
or Jaowds ./ nowt + /yaetg 0. 
‘The tangential equation, by Art. 72, is found to be 
mnncost 4 + neo + Im owt =0 
Esoribed-circle opposite to A. Here 
h=8 h=e-o, and G=0-b, 
Hence its equation is 


ofy + hya +e = [as 2p) fan 8 07 
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ie, 

asa! +b*(s—0)* B+0" (6- b)* y+ By [(8—b)'+ (#-0)-a"] be 
+ ya [(0-2)' + 2° -b] ca + of [(s-c)!+#=c'] ab =0, 

‘i.e, a8 before, 

atta! +b (0 — 0) f+ 68 (t —b) 7? — 2bo (8b) (#0) By 

+2ea4 (¢—b) ya + 2abs (e—c) of = 0, 
ie, J =asa+ Vb (a= 0) B+ Jo(e— qin 


wg fawerde [asad Jano 
‘The tangential voles (Art. 72) 


=n oo + asin 2 +m int 2-0, 








Nine-point circle. This circle passes through the 
middle points of the sides of the triangle, and through the 
foot of the perpendiculars from the vertices upon the oppo- 
site sides. Henoe 4!=}. cmd, te, so thatthe equation ia 


apy + bya + caf =} [aco A +B cos B+ y cos 0] [aa +08 + cy), 


ie. 
000 A.a! + bcos B .f*+.0 008 C.'- ay — bya — caf = 0. 
‘The tangential equation is (Art, 72) 
PEEP set ove + Imm atbe [at — dd 
cn 
‘This can be written in the form 


anf ees +,/ Bet +e [ER +F0. 


Self-conjugate circle. If AD, BE, CF be the per- 
pendiculars upon the opposite sides meeting in 0, this circle 
has centre O and radius /04 . OD, it being only real when 
one of the angles of the triangle is obtuse. 

Now 04, OD = »/—8R cov A. 2K 008 B cos 0. 

o. h'= Od*— (rad,)' = 04" 04. OD 
= 4R* cos" +4R*c0s A cos B cos = 4" cos Asin Bain 
=be cos 4, 
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and so for the others. Hence the required equation is 

hae = (a.008 A + 00s B +008 0) (aa +5 +¢y), 
a cos Aa* + b 008 BB" + ¢ cos Cy' = 0, 

be asin 24 + fain 28 + y'sin 20 =0. 

Be ce cua may 





ain 20 ~ 
Circle on BC as diameter, This circle goes thi EB ood F, 
Henoe f= AC. AB =) coos d, Also ty!=0 and ty!=0, Henoe the 
equation required is 
Ofry+ bya + cap =(aa+bB-+c7) .0008 4, 
ie. at cot A ~By~ 18 008 C~ of 008 B=0, 
(Bee Art. 60, Bx. 2.) 
80, Bx. 1, Shew that the equation to the circle which passes 


sh the centre of the three escribed circles of the ile 
beter of ie of the triangle of 


aa? + OF + 074 + (a+b +0) (fy + ya+ af) =0, 
and that of the circle through the in-centre and two of the e-centres is 
aot + bp ~ ey (a-+b~c) (By +-ya-f) =0. 






‘The equation to any cirole is 
OBy + bya + cap = (aa +bB+ ey) (la+mB+ny). 
BI oar achenn chev yer yea i a 
1+m- 
t-mtn 


and -lemtn 
2 lemen=-1, 
and the equation is 
ay +bya-+ cof + (aa +bB +e) (a+ A +7)=0. 

Similarly, if te rele pases through the ia-entre and ane 
ceca si te pia 40d ‘whose coordinates are 
portional to, 1,1), (-1, 1,2) and (15 ~1, 3) we nae 1a; wads 
n= 1, and fore, 

Bx. 2. Shew that the nine-point circle, the self-conjugate circle, and 
the cireum-cirole of « triangle intersect in the same points. 

‘Tho radical axis of these three circles taken in pairs is, by the 


previous artile, 
4.008 4 +B 008 D+ 008 O=0, 
Hence they all three moet where this line meets either of them, 
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Bx 8 She that the tangential euaton of the crcl, who cme 
‘ts the point (a, By, y%) and whose radiua is 7, te 
(lar +p + ny1)!=r8[P +m +n? — 2mm 008 A = Onl oou B—2lm 008 C], 
aand hence that the point-equation te 
8 [etn d ~ (844-48 + 96,9, 008 A) } +0 
+28 (r! sin B sin C+ By +74 008 0-+0,8, 008 B~ a,% 008 A) 
+ 


Tf la+.mB+ny=0 is the equation to any tangent 
upon palpate eon aton ops pa poole ere 
(lay +B, + rrp) = 73 (P 4m +n? mn oo8 A — Int oon B- Bim cos 0), 
‘the equation required, 
fe Pat 99) +o. + Ben (By, +18 008 A) +... 20, 

Henoo, by Art, 78, the coefficient of a in the point-equation 

=Gr-1) (n'-7)- Bint ood) 
sort [rtsin® 4 ~ (8,'-+74'+9,7,008.4)), 
‘and the coefficient of 28 
= (vii + F008 B) (2,8; +r8008 0) - (a;*—r4) (Biri +7808 A) 
sr2[ptain B ain C+ Bry +10 008 C +0, 008 B~a;2008 4). 
Similarly for the other terms, 

Henos the point-equation as stated, 

Gor, It p,q, rare the iculars from the ints of the 
triangle niccw sates gar ie rte whowe centr is 
(41, Bis 7) and whose radius is p, then 

aa, +908, +Per =p (aa, +08, +er), 
or, in areal coordinates, 





Patan ten =ple ty +h) 
Bix. 4. Shew that the’ circles deveribed on the three diagonals of a 
complete as diameter are coazal, 


‘Taking the figure and notation of Art, 65, we have mB —ny=0 and 

‘mB-+ny=0 as the equations to 40; and 40. 

Fonte PeeS eg Pa 
0,0nin“n' “0,0 ~ainB* sin ~ 0,0" 

‘Henos, by a well-known proposition, the cirsle on 030, 

tu diene a tab Voraa Of pola tant ad ne 


F isin’ © _ BY (944-4 2ay 004 B)-+sint B 
Xe asin? B ~ KG ™ (a¥+ +4 Qa 008 0)--sin® 0" 
44¢, tho equation of the eirole on 0; 0; as diameter is 
phd Lal PoE aes ot 
om n ig 
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So the equations of the circles on PR and QS similarly are 
A+ y+ 9By 008d _y'+02+ May 008 B 
Maier ote 
P+ BBycond 
e 


rere «+ 6+ 2ap 008 0 
ry 


‘These three circles clearly moet in the same two points; for, at the 
eT nar, 











nm ve nw 
aot arat are ™ gaa 
and hence pra ae iis 
Kat iat * aa" 


‘¢. K also lies on the third circle, 

1a wb foond in A, 9, Ex. 6 that this proposition ise partioalar 
cease of a more general theorem. 

Bx, 8. Prove Feuerbach’s Theorem that the nine-point circle of any 
triangle touches both the inscribed circle and the three scribed circles. 


If 8=0 be the equation to the ciroumsoribing cirole and L=0 the 
— ation to the in at infty, he, by Art 87 tbe eqaaton of the 





Se rh latin £4 od 45 oa, 
and that of the insoribed circle is 

gar [tettest ett toa). 
eno, by subtraction, their rae xia ia 

abe con 4 ~2(6 
he, cali +et-at-(b+e-a}+. 
aa 

ie. et 
This touches tho in-cirele 


Ja(e~ajat JbQ- d)p+ Jolr-e)7=0, 
if (by Art. 87) 
20-0) ecg te tent 
itil (6a) (0-€) + (4-0) (0-0) +44) (2-0) =0, 
which is true, 


Binoe the radical axis of the two circles touches one of them, it is 
clear that the two circles must touch. 


‘Bimilarly tho radical axis of the nine-point circle and the osoribed 
cirole opposite 4 is 
abe o08 A ~ 
+B [ca.con B-2 (ee) +ey[ab cos -2 (r-0}"]=0, 
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. Cua ee 
duty, on reduction, ota 


By Art. 87 this touches the escribed circle 
[=a t+ Jo - opt Jeu-by=0 
4 arbe_ bla eden, e(t~Bab 9, 
CFA) (a+ d) ~~ jar)” O-cjeray 


which is true, Similarly for the other two esoribed circles, 


Bx. 6. Shew that the equation of the straight Lines joining the 
point 4 9 fie ifangl of referent ore inte at infinity ia 
PP+71+28y 008 A=0, and that with AB and AC they give a pencil of 
crou-ratio equal to oon 24+4/=Isin34, Prove also that they make 
‘the same angle tan-! /=1 with every straight line in the plane, 

‘Tho olroalar points at infinity are the intersections of aa +op+ey=0 
ith any drole suchas the croumatraleofy+Dya-texp=0. Blin. 
ting a Between tbe, we So Ghat the roqatred no are 

— ay + (by +¢6) (B+ ey) =0, 
te, B+ t+ 2By 008 A =0, 


‘Those are the straight lines be = (008 A i sin A) = ~e#4, and by 
‘Art, 61 the orose-ratio required 
sete MAM 00894 +i sin 2A. 


Similarly, in artesian coordinates the lines from the origin to the 
cironlar points are 214+" 












yeas VoL 
‘The line y= ai makes with any line y=mz-+e an angle 6, such that 
1 mat aa 
stant 2 stan-l(- i), 
So the othor makes with it an angle tan? (i), 


Oar. By solving the equations 
P+7+38y 008 4=0 and aatdp+ey=0, 
we can shew that the coordinates of the ciroalar points at 
infinity may be taken to be 
(cosB+,/=TsinB, 008 4#,/=Tein A, ~1). 


brid To obtain the radical azis of two circles given by the general 
equati 
DBI c+ 9f By +201 70+ 3h, 08 =0, 


=a" 
and Sy saga? + b46"+ 47+ Ygpy+ Igy + Mhyas =, 
‘As in Art, 85, we seo that the general equation $,=0 has to be 
divided by a quantity A, to make it beoome of the form 


81.1, 
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wr athe equation tothe roam ile and 1 the equation fo the 
line at infinity, 60 that 


Soy 
Ye8-L.h. 


Bimilarly f=8-Lily 


On subtraction $i Ht -L y= 
But Z,-Z,=0 is tho radical axis of the two circles, Henoe 
# rf =O pire th produto the rao aie andthe line a init, 
‘Also, as in Art 85, 2 and iy aro given by 
bye4?-+ 1 bg? ~ Mfr bo Coe ag! +4 64? ~ 99, ¢4 4p =a, by! +b, 0? ~ Bh 5 by 
‘with similar expressions for by. - gk 





Bhew that the stions to the circles through the its Band 
8 tn tlgt eae od oon, (tn eee 
centre, and (8) the in-centre are 

08+ bya-+ caf =1a (00+ 6+), 
where (1) I=d0004, @) Y=, nd (8) =I. 

2. Find the equation of a cirele which has for diameter the perpen- 
Maaiiciaea a tooak Gio tegalar pote deh ac actiaghs Sh vetoes 
to the side BC. Find also the radical axis of this circle and the 
circum-cirele, 

AD, BE the perpendioulars from 4, B upon the ite 
cabs ore pasa ot tachaset wees can i spatocsve oe een 
(1) on DE, (2) on the median through 4, as diameters aro 
(1) apy + bya + cof =(aa+ 06 + cy) [(a 008 4 +f 008 B) sin? C + 008° C) 
and (2) aBy-+bya+ cof =} (aa +08 + ey) (8 008 B +1008 0), 

1f from “P be draw to the tides of 
Pe tener eae of tae Cane Sonal Wy poiaing their fet ie 
constant, the loous of P is a circle concentrio with the ciroum-cirele of 


th A 6, he gation one 3m(o+b+- x0 coda 


‘Shew that the oq A = K* represents a circle, 
an int tended Soa o€ hcl te desemecdaie the triangle of 


reference is 
denint A (eB+ by) =H (aa +b8-+e7), 
and is thus parallel 4 the tangent at 4 to the olroum-sirale. 
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8, A ange inured in cr; shew tat tbe ntreetions of 
rslrglcy the tangent at the opposite angular pointe lio on a 
ot 


7, 0 is apoint on the circum-circle of a triangle ABC, and 04, 
OB, OC meot the opposite sides in a, b,c reepootivaly. Show that the 
lino on which lie the pointa of intersection of ab and 4B, be 
and BC, ea and C passes through « point which is the same for all 
positions of 0. 
8, Ifthe sides of the of the triangle ABC are produced 
tate oppota ales iD, EF then tha stig line DEP it 
diaradied et ol the seten-cee cad alt confeaea ice ota 


triangle 4 BC. 


Q, Shew that the equation of o circle, which is of radins p and 
which is concentric with the ciroum-circle of the triangle of reference, is 


abe (aPy + bya + cap) = (R*— p') (aa-+08 + ey), 
10, Bhew that the radius of the circle, whose equation is 
apy +bya+cap =ke (aa +bp-+0y), 
is R,/i-Skooe d+, where Fis the radius of tho oireum-circle of 
the of reference. 





LL, If the equation ay=kf# represents a circle, show that k=1 and 
sive the geometrioal interpretation, 


12, Shew that in areal coordinates the equation 
@(y+s- 2) +P (t2-y) +08 (2+y-2) 730 
pence hoes sens relative to the fundamental 


18, Ln fgets trae lw rfc seg 
the in-circle and the throe escribed circles of the 
i tet yu pin gs Sa 
at the vertioes of 
J, Buibi the uation of the nine-point cirele of the triangle of” 
reference in t 
7 n Bind 


n % a sinB 
A % «6, sind 
con, o08B, 000, 0 | | 
‘What geometrical property of the oirsle does this equation express? 


Shew that the equation to the pedal line of Bs 
Bi dened opengl pretend ls Baoan 


Seong sont, 


sind 


j=0, 
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89. Foci of the conic given by the general equation, 

To find the fooi proceed as in Part I, Art, $93, By Art. 79 
write down the equation to the tangenta drawn from any 
reorg ide} introduce the conditions found in Art. 85 
that they shall satisfy the conditions for being a cirole, We 
shall find that a’, ft, 7’ are given by the equations 
(60+ 0316 = 2bj0.S) # (a Bs) ~ [bo (ga +JB + ey) 

~ (hat 0B + fy) 





=two similar expressions, ie, by 
Aioreretb-thes)oBr)-[ogt-azp] 
=4 (ofa +-a;te— 264449) + (2, By y)- [odo] 


=A(apb-rbsa—2ad) $(2,8.9)-[a 96-53] 
‘When the foci have been found, the directrices, which are 
their polars, can be at once written down, 


If wo eliminate ¢(, 8, ») from these equations, we shall 
Feral l a 


dy ag dy 
Slee nen 
[nS -i5l2[sd-ai] 
+m [S44 27 -0..0), 
where X, L, M are constants, 

‘This is a conic which through the foci. It also passes 
through the centre. For each term of equation (1) is 
satisfied at the centre as is seen from tho equations giving 
the contre (Art. 78). Since it passos through the four foci 
and the centre, it can only represent the axes of the conic. 
‘Hence the axes are obtained by eliminating ¢ (a, 8, y) from 
the above equations which give the foci. 

90. Conics circumscribing the triangle of reference, 

The general equation to s conic is 

a! + BB+ oy! + 9fBy + 2gya + Dhap = 0. 
If the conic passes through the vertex 4, the equation must bo 
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= 0, and a=constant. Heneea=0. So, if 
peice hele a dorey arr vony php tel 
‘The equation to a circum-conic is thus 
2fBy + 2gya+ 2hap = 0, 
or, as we shall write it, 
Ty + Mya+ Nop = 0, 
As in Art, 72, it is easily soon that tho straight line 
[a+ mB + ny = 0 touches this conic if 
DP + Mim + N'n' — 2MNmn — LN Int - 2LMlm = 0, 
fait V+ Jilin + ¥n=0, 
‘Bx, The equation to the straight line joining the points (a', 6’, y') 


and (a”, f',7/") om the circum-conic ts ete ta ), and the 
La MB. Ny 


tangent at (0, Bs) te og + 5 +7ane 
Since the points lie on the curve, we have 
Lp'y + Mya'+ No'p'=0 and Lp"s/"+My/"a"+Na"p"=0, 
Hence 
L ~ xu i N 
eB -FY) BR We -7e) V7 eR -eB) 
Bat the equation to the straight line joining the two given points is, 
by Art, 51, 
4B" -B'x) +BY" ~7"e)+ (8-08) =0, 











he. 





Pll eye eden B'=f', "=, we have the equation to the 
91. Conics inscribed in the triangle of reference, 
‘The general equation to a conio is 
aa! + DB" + oy? + 2/By + 2gya + 2haB = 0. 
Hater Pi =0, where bf? +ey' + 2/By=0, and 


fisbe, ie it f+ Je. 
‘So the conic touches the other two sides if 
y=+ Vea, and h=+ Jab, 
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Putting a= 1A, b= M", and ¢= JV", wo have as the equation 
to the inscribed conic 

Tat + MOB! + NY) + DMN By + IN Lye + 2LMof = 0, 
‘These ambiguities in sign are not however all independent; 
for, if rea ‘roplacl by all postive sigas, or if they 
were replaced by two negative and one positive signs, we 
should in either case get a perfect square, and the locus given 
would be two coincident straight lines, 

[Two coincident straight lines clearly’ satisfy the condition 
of passing through two coincident points on the aide of the 
yer | 

Hence the ambiguities may only be replaced by (1) three 
negative signs, or (2) by one negative and two positive signs. 

‘The equation may be written in the form 

JIa+ Jip + VNy=0. 
‘Taking the equation 
JTa+ Vp + VNy=0, 
te, Lia! + MiB + N*'— 2MNBy-2NLya-2LMaf =0, 
‘we see, from Art. 72, that the straight line 
la+mB+ny=0 
touches it if Lmn+ Mnl + Nim = 0, 
i.e. we noe that the line (/, m, n) touches the in-conio 
\Ta+ JMB + »/¥y=0 
if the point (/, m, n) lies on the corresponding circum-conio 
Ty + Mya + Naf = 0. 
‘Also similarly, from Art, 90, we see that tho line (, m, n) 
touches the circum-conio 
Lpy + Mya + Nop =0 
if the point (J, m, n) lies on the corresponding in-conic 
JTa+ VHB + V¥y=0. 
he tion chord the ‘, 
eran Ba pr ‘ to nip chord joining the points (a’, , 7/) and 
adh (ey MILLIE 






un 4 
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and the tangent at (o', pr ivinen/ Et pn/ Bar /5=0 


Binoo the points lie on the in-conlo, wo have 
Tal + /MP + 0/7 =0 ond /Ta"+ »/ fp" + /F7'=0, 
ne 





pa Lae oper 
ee Vee Vie S18 Jap" Nee 
Pa fet te ae A aha aC SES 
* Teer den Vii dye+ J7a 
pe b/s 
IN laR"+ Je") 

‘Honoe the equation to the required chord (Art. 61) is 

a NLR Y'+ JP+B 6/7" + 72) 


tN eB + Le'FI=0, 
ing a" =a', "=f", 7"=7/ the equation to 
piece al, B=’, 7"=7/ the eqe ‘the tangent at 
«DRY +8 Jy + J Na'p'=0, 
ie. o Jute fee [Hae 
oa, mx 1 4 cni chemise Creed eyed 


through a. 
touceso sed cone acrid tn the rangle 
Tet hat+mp+nyy=0 and hatmB+ngy=0 
be the asymptotes. Then the equation to the conic must be 
(ha-tmyB +My) (a+ maf +nq7) =A (a0-+08+0y)8, 
bags touches the two asymptotes where they meot the line 
at 
‘Since the conie cireumsoribes the of its 
Plier haneedrdemeoriy hoy a haere nae 
st hiy-ha?=0, mymy~ki=0, and myn ket O, 
Sinoe one anymptote passe through a fxed point (jg, h, 
2 AS+mgtmh=0, 
BL? (Ah. JPL BY 
Bi aang 0, 
oe afingng + D8 gm ly +4 hg my = 0, 
‘Honoe the other asymptote touches the insoribed conio 


alfar Pp + Jehy=0. (Art, 91) 
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Bx. 2, Shew that the locus of the foci of conics which touch four 
given straight Hines is in general a curve of the third degree, 


‘Take three of the ite as the of and let the 
pki-y eo ee triangle of reference, 


latmp+ny=0. 
foci be (a’, p, " ). Then, the 
Bes a Org doll Beene Ling 
wrepreayleinton Nur) 


where L4ml!-+mt-+n—tmn oon A — Int cos B— lm cos C. 
4, eta (tmp ny) (Er Ey EP), 
Henoe the loous of (a 6,7) is the cubio curve 
(la+mB + my) (1By + mya + maf) 
= Liafhy = afr (P+ m+n - 2mn 008 A ~ Ink eos B- ttm 008 C), 
‘This curve passes through the six intersections of the foar given 
simight line. zi 





z ‘.¢, if the fourth tangent is the line at infinity and 
bbonce the conios are parabolas, this loous reduces to 


apy+byatcap=0, 
i.e, the circum-circle of the triangle formed by the other three 
tangents. 


If the four theo, as in Part 
truer hesSeoe ua encegte Repesea’ oo 

Bx, 8, 1 the imcribed cone T+ of i+ aN =0 0 «paral, 
theo that fou ste pont (F Af 1p) + an thatthe equation 
to ite directrix ts Laoot A+ MB 00k B+ Ny e0t 0=0, 


Shew also that the directrices of all euch pass through the 
ortacnir ofthe tringl of rferenc ed that the os of ter ot 
u irowm-¢ hs 


‘The tangential equation to the conto is 
Lmn+Mal+Nim=0, 
and benoe the line at infinity is « tangent, and therefore the conto ts 
parabola, if 


" Lbe-+ Mea+Nab= 
For any conie inscribed in the triangle of reference, wo 
4,03 = 2; 8s="1'79= (semi-minor axia)* .. 

where (a1, 1» 1) and (02, Br, a) are the foci. 












2 
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uid! Pega  arbol, on focus it the point of conta of the 

at infinity and is thos given by 

lla = MBa~ Ne) (hat i Br) Hea Mit Hn, 
a 








Hoonoo ay : fy: yy :: Me+Nb: Na+Le 1 Lb+Ma oh 
equation (1), 
Honoe (2) gives ay: Ast 


hd 





e 
‘MN 
‘Tho direotrix is the polar of the foons, and hence is 
Tn (Lay ~ MB; ~ Ny) +. =0, 
he. La(at-b— ct) +. 
ie. La cot A + MB cot B+. ly cot 00, 
ai dead en 
ies on 


Also the directrix clearly passes through the orthoosntre, ic, the 
point (cos B cos C, ongend, freon Aveo Bh, sinc (1) ta trae. 


2x 4 Shw that the les of the cenrr of rectangular bypernas 
inscribed in the triangle of reference is the self-conjugate ci 
at sin 24 + 64 sin 3B+4 sin 20=0. 


__ Am insoribed rectangular hyperbola is 









whore P+m?-+42-42mn oo8 A +2nl 008 B+-2lm 008 C= 
‘The oontre of (1) is given by 


U(la— mB —n¥) (mB -ny— la) (ny -la- my 
a ) ¢ a 





», atom _el+an _am+ bt 
a 8 i 
Ue mea nab 





“ B+ey-ai cp+aa-0B aad+d-cp° 
‘Substituting in (2), we have 
a (OB +09 -aa)'+...4.., 
+2000 4. be (047 +a8~ DB) (a+ DB - 09) +...4...20, 
Hence, on reduction, the required loous is 
asin 24 +ftsin 9B +y¢sin 20=0, 
which is tho self-polar circle. (Art, 87.) 
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EXAMPLES. 
1, Bhow that the equation to the conto olroumscribing the triangle 
of reference, such that the tangent at each of its points is 
parallel to the opposite sd, is bopy+eaya-+abap=0. 


, Deduoe the equation to the ciroum-sirle of the triangle of 
reference from the fast that the tangent at 4 makes with 4@ an anglo 
‘equal to B, and similarly for the other angular points, 


8, ‘Two conics ciroumsoribe the triangle ABO; through 4 is drawn 


any straight line to mest thom in P and Q; shew that the tangents 
at P and Q divide BC in constant cross-ratio, 


4, Shew that tho equations 


tL omin (We y oP 
state tat Ttsa/pbeo 
roprosent the same conie, and give the geometrical interpretation, 

6, A conic ciroumsoribes the triangle of reference and touehes the 
line Ia+mf+ny=0; shew that the locus of the pole of the line 
a+ up+ry=0 with reepect to the conio is 

Ta uf + ry Xa) + a) mB (ry Fhe = HB) + 4/4 Dat HBr) =O. 

Dedace the locus of its centre, 


} AN ee eel tela 0 is a parabola, shew that 
be(m?-+n? 2m 008 A) a+ ca (n+ P— Bnl cos B) 
-+ab (2-+-mt- 2m 008 0) = 0, 
fit touches the ciroam-cirele of the triangle of reference st 4, shew 
‘that it is one of two parabolas whose axos are at right angles. 


7, the normals tothe cone [y+ mya + na =0 athe vrtion 
of the triangle of reference are ooncurrent, prove that 
(m-n008 4) (n-.008 B) (!~m eos C) 
= (nm 008 4) (tn 008.8) (m~ 1008 0). 


8, Shew that the equation to the conio which bas contact of the 
swoond order with the conto {8y-+m-ya+nof=0 at the vortex 4 of the 
triangle of referenos, and which passes through the vertex B and the 
in-oantre, is 

(m+) (IBy +-mya+ nop) = (1-+-m-+n) (mB + my) y- 


9, Attriangle ABO is inseribed in « conio; the polar of a point 4), 
ying oa BO, moots C4, AB in B, and C,, Show that 44;, BB; and 
1C, meet in a point, 
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10. aes pr cs gest Lea Nos ce 
Lpy+ Mya+Nof=0 can be written in the form 


(L coos? 8, M soe? 8, - N), 
‘and that the tangent at that point is 


giint oa E oost 047 0, 


Bo for the in-conio ./Za+ ./MB+/Ny=0, a point is 
‘cost@ sint@ 1 
(a3) 

and the tangent is at tea. 


11, Whatever bo the value of i, m and n, show that the equation 
(m=n) B+ T+ (9-1) B+ my + (I~) [BMY =0 
reprosents only the line y=0, 
tho equation \ /Z+-u4/Mf+-» JN=0, where L, Bf, 
en fp oenrmalahcies uals aN 30, where L, M, N are 
12, Bhew that ,/iz+,/my+,/e=0 and 
(= b+ my +nz)-1+ (le — my +n2)“1+ (l-+ my - 2)-1=0 
represent the same conic, and give the geometrical reason for this. 
18, A conic is insoribed in s given triangle and passes 


a given point; thy ia be eae o iis omtrs io oonla which 
touches lines joining the middle points of the sides of the 
omgecalpe 


14, ABC is» triangle and P any point on a fixed straight line, 
Show that the envelope of the barmonio conjugate of P with regard 
12Pp, FU eno outng te ae ofthe wang ABC ad 

line 


15, Parsboas are iveribd in o given triangle; shew that the 
line joining tho point of contact of any two ide passthrough a 
fixed point. 

16, Show that the equation 

Na (b=c)a+d./-B+eVy=0 

representa s parabola whose axis is the external bissotor of the 
angle ABO, 

17, Show that the equation 

slant JOB 0/-e7=0 


" 1a whove ines «= 
rprnci parla wow anymplolr are paral the Lins «0 
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18, A conis touches the sides BC, C4, 4B of » triangle in P,Q, R. 
ah adele that the pencil P(Q4RB) 


It 4P, 20, OR meet the conic again in P’, Q’, R’, show that the 
tangents at P, (Gp tet the siden BO, Ca, AB in collinear points. 


tatiana npn From, 30 80 Ro mat 
1 in te D, B, ively; meet 
EF, FD, DE in L, M, N ale and Prd NL, LM interseot 
BO, CA, AB in X,Y, 2 that X, ¥, Z are collinear. 


ID, ether aas the diameters through D, B, F, 
shew that AD’, BB’, OF" are concurrent. 


20, Show that tho triangle formed by the pot ofthe na ening 
the middle points of tho sides of « given triangle with regard to any 
{nueribed conto is of constant area. 


Q1, Show that, in areal coordinates, px+-gy +r2=0.is an axymptote 
of the conto 


/ia+,/iy+./Me=0, 
if p, g, rare given by 
Lar+Mrp+Npq=0, 
and p(M+N) +9 (N4L)+r(L+ =0. 


“2 etal bnescart ag pring pga agli 
‘8 oubio curve circumscribing the triangle if the ‘axis passes 
through ® fied point o i scsas tee nas Set line 
13, A conio is insoribed in the triangle of reference; if ite minor 
axis is of given length 2A, the loous of its foci is the cubio curve 
4% ofty =* (aa + 0B + cy) (ay + bya+cap), 
whore A is the area of the triangle of reference, 


If ite axis is parallel to the straight line la +mp+ny=0, their loous 
is the oubio 


4 (68-7) (me~ nb) + B (>? ~ a) (na ~ Le) +-y (0? ~ A) (1b —ma) 0. 


4, Find the equation, in areal coordinates, of the onlo which 
tontba Tbe ade ol the tangle of reference ot Unete middle petns, 
‘and verity that the oentre of the conto is the centroid of the triangle, 


‘Show that the equation to the axes of the oonio may be written in 
the form 


=e) (y ~a)h+ (8 ~ a) (+ a+ (at 29) (2p), 
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93. Comics with respect to which the triangle of reference 
is self-conjugate. 

Thopolarof thepoint A viz, (a’,0, 0) with respeottothe conic 

(6s Bs) Baa +07 + My + Moye + Dhas 
is a! (aa+hB+gy|= 0. (Art. 75) 
This is the opposite side BC, ie. a=0, if g=h=0. So the 
eck oe ee ata pe ee ifh=/=0. 
lars of the points A and B throngh ¢, 
een by Part I, Art. aot the polar of  pomon tarvog’ 
Aand B, 

Henoe, if f= =0, the triangle ABO is self-conjugate 
with respect to the conic. 

‘The equation to such a conic is usually written in the form 

Lo? + Mp + Ny =0. 

A conio with respect to which a triangle is self-conjugate, 
or self-polar, is often called o self-conjugate conic with 
respect to the triangle, or, for brevity, ‘a self-conjugate 
conic,” it being understood, when this latter expression is 
used, that the words “with regard to the triangle of refer- 
ence” are implied. 

94. Condition that la+mB+ny=0 may be a tangent to 
Lo? + Mp" + Ny =0. 

‘The tangent at any point (a, ', »’) of the conic is 

Loa' + MBB’ + Nyy =0. 
If this be the given straight line, then 
Ie ” ay 
+" 





80 that Side 


Since (a', f, 7) lies on the conic, 


n 
pal 
x’N’ 


This ig the required condition of tangency. 
It is clear that if a+ mB +ny=0 is a tangent, 80 also 
are the four lines + la + mB + ny = 0. 
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Gor. The conic is a parabola if it touches the line at 
infty, e+ 68+ ey, th condition for whih i 

a! 








This parabola will also touch the three straight lines 
Harb P—qy=0, ma-bf+ qy=0 and -aa+b,A+%y=0. 
But these are the three straight lines joining the middle 
points of the sides of the triangle of reference. 

Hence If a parabola be self-conjugate with respect to a 
wienge 130, claseriet oie by joining 
the middle points of the sides of the tric ABO. , 

95, Bx. [fa triangle is self-conjugate with rerpect to a rectangular 

ph the the hyperbola, 
If ts tasted ta reabtagabr pol thes ts ln pele el 
paties through the centre, 3 





In the first ease the conio 18 

Lat + Mp4 NyP=0, 

where L+M+N=0 qn. 
by Art, 80. a 


‘The centre is given by M8 NY, 


Henee, by (1), a7 + bya+caB =0, 
i.e, the cantre lies on the cireum-circlo, 
In the second ease the conic is 





Lpy+ Mya + Nop =0, 
‘whore Loos A +M 008 B + Neos C=0 soe) 
‘The centre is given by ‘ 
My+NB _Na+Ly_ LB +Ma 
@ ’ e° 
ye 
~ kth +e} ad=B+ey ad+bp - cy" 
Hence (2) gives 


&(~08+08 +09) 006 A+... +.,.=0, 
fe, B74 bFa+ caf ~a 008 Aa ~ b 008 BB coon C7 =0, 
4.e. the oontre lies on the nine-point circle, 
‘The second part follows at once from the firet; for, if a rectangular 
‘hyperbola ciroumsoribes triangle, it is easy to shew that the 
triangle of the latter is self-conjagate with rogard to the hyperbola, 
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96. To shew that, in general, any too conics have a 
common self-conjugate triangle, and to find in what case it 
ie real and when tt is imaginary, 

Thointercations of two conics are ether (1) al eal () al 
imaginary, or (3) two real and two imaginary, since imaginary 
solutions always occur in pairs, 

(1) If the intersections P, Q, R, 8 are all real, as in 
the figure of Art. 64, then the triangle ABC is the self-con- 
fuente triangle, For, if AC meets #5 in M and QR in N, 

then, since the penoil C (PASB) is harmonic, therefore 
(asked are harmonic, and hence by Part I, 
Art. 401, CA is the polar of 3B. ihury Ci tbo pol ol 
‘AB and A the pole of BC. 
(2) If the intersections are all imaginary, 





let P be (ates n+ Mt), 
et Q bo (@- m5 n-th 
lot B be ys), 
and S be (a-a5, ‘), 
the coordinates being Cartesian, and i=Va1 
Then the equation of PQ is 

ml Wne-s) > 

and that of RS is 





aly ~ 9s) = Yu (= %) . 
That of PR is L+ Mi=0, and that of QS is L-Mi=0, 
where Zand M are both wholly real. That of PS is 
+m 
and of QR is L-M'i=0, 
where L’ and M' are wholly real. 

Now PQ and RS intorsoct in a real point C, PR and QS 
intersect in a real point A, given by L=0 and M=0, and 
PSand QR moot in areal point B, given by L,=0 and Af, = 0. 

In this case the self-conjugate triangle is therefore wholly 
real; but only two of the common chorda are real 

(8) Next, let P, Q be real and 2, $ imaginary. Let 

Pre (e,9)i (ms Bata wry) 
and 8, (m-ai vs- Mel. 
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‘Then PQ is 
9 (%-%)—2(%~Y) - (th ~ MY) = 0, 
and RS ia %(y- yn) =y (2%). 
‘The equation of PR is 
L,+ Mi=0, 
and that of PSis LZ, ~ Myi=0. 
‘The equation of QR is 
Li +M,i=0, 
and that of QS is = L,'—-M/i=0, 
where J, Mf,, L', M;' are all wholly real. PQ and RS 
intersect in a real point C. Now, since PR through 
the real point P, it cannot pass through any other real point ; 
for ten ie would be wholly teal, which supeiton i 
not. $0.Qi has no real polaton i except 0. fence PR and 
QS cannot meet in a real point. Hence the point A of the 
figure of Art, 64 is in this case imaginary. Similarly PS 
and QF cannot intersect in a real point, 

In this case therefore only one vertex of the self-conjugate 
triangle is real, and the others are imaginary, whilst two 
of the common chords are real. 

Tf the conics touch at a single point, then two of the 
points of intersection, P and Q, coincide, and it is easily seen 
that the triangle ABC of Art. 64 becomes evanescent, the 
points A and B both coinciding with P and Q. 

If the conics have double contact then two of the points, 
P and Q, coincide and the other two, and §, also coincide, 
PQ and RS then give a real point C and the lines PR and 
QS coincide, as also PS and QR, giving in each case an 
infinite number of points of intersection, and hence an 
infinite number of self-conjugate triangles. It we take CPR 
as the triangle of reference, so that the equations of the 
conics are ky’ ~2a8=0 and K'y'— 208 =0, it is easy to shew 
that, if X and Z be any points on PR such that (PAZ) is 
harmonic, then CXL is « self-conjugate triangle with respect 
to the two conics, 

Hence in this case there is an infinite number of self- 
conjugate triangles, 
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It the conics have three or four-point contact, the self- 
conjugate triangle reduces to an infinitely small triangle at 
the point of contact. 

‘x. Find the self-conjugate triangle for the conics whove equations, 
in any aystem of coordinates, are 

Bua (b~c) yr+d (e~a) z2+-¢ (a~b) 2y=0, 
and S’ma¥(d—c) ys+0%(c~a) 2-402 (ab) xy =0. 

Clearly, S+8'=0 is » pair of straight lines when k= ~4 or ~b or 
-e 

‘When k= -a, we obtain bez ~ cay =0, giving the two lines 2=0 
and bz cy=0, whieh moot at the point (0, b,c). 


Bo when k= -b, or -c, we have two straight lines meeting at the 
points (a, 0,¢), and (a, 6, 0), ‘These three points are the vertices 
of the self-conjugnte triangle, 


‘The equations to ite sides are easily sebn to be 
Xm~zbe+yea+sab=0, 
abe -yea+sab=0, 
and Zim xbe+yoa-2ab=0, 
and wo have S=[(b~ ¢) X*+(¢~a) ¥2+(a~b) Z2}=4 
and S'=[a (b~c) 12+b(0-0) Y+0 (a-0) 27 








EXAMPLES, 
1A oe triangle is self-conjugate with regard to a conio; shew 
‘that the locus of the contre of the conic is a straight line if it touch 
‘fourth given straight line, and is « conic cireumeoribing the given 
triangle is pasos throagh a given point 
Bhew that all parabolas with 1 given self-conjugate triangle 
tin blige oi en oh a 
‘and that there is one such parabola which also touches the sides of 
fhe pada iiangle of the given triangle. 
SE NeToscaruptiu at oak pone tevegns Set psa er 
; one fi 
Lrg oli opel er eed eo Eto) 
‘Show that one of the conic az*+ dby*+cx*=0 will be 
patisatte an eqrmplole of the coals ewe ysseetaD it 
\ie=We fd =eas Ja=an0 
‘the coordinates being areal, 
[One point at infinity is the same for both oonioa, ) 
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5, Bhow that the equation to the direotor cirole of the conic 
i Tat + mpt+-my?=0 
UL (m+n) a3 +m (+1) A +m (+m) 92+ BmmBy 608 4 
+Anbya cos B +Bimap cos 0=0, 
‘and that the radical axis of this circle and the ciroum-circle of the 
triangle is 
1 (m+n) bea +m (n+2) cap +n (I+m) aby=0, 
the conio lat =0 is bola, shew that thi 
Print ell init chee! ie 
‘U(m+n) dea+m (n+2) cah+n(l+m) aby=0, 
men ntl btm 
and that its foous i & tn ae ‘4a, 


Prove that the direstrises of all such parabolas pass through the 
genie of the creum-ciae, and tht ther fot i om tbe nie-point 
7, Shew that the coordinates of any point on the conic 
Lat'+Mpty Nyt=0 
‘ad (ee sind ay 
ii it’ =a)” 
‘and that the tangent at this point is 
J Ta008 0+ ./Mp cin 0 -./—Ny=0. 


8, Shew that any tangent to the conic 
a 


era! 
ety i onan a ad ee in two pairs of points 





w 
[Any point om the first conic is 
(Vo¥1 0006, Jari sing, Ja+d).) 
9, Iftwo of the sides of an insoribed triangle of the conto 
let mpl my? 
touch the conio Wet+-mm’pt=nn'93, 
prove that the envelope of the third side is the oonio 
at fhe cae Aaah a 
to with regard to 
wl ona show ine the fon to Band eartad iota Cas ve 
points with respect to the hyperbola, 
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11, Shew that all the: which touch the four common its 
has 2 nis aye a 
Fth + End and +E +5 =0, 


at if 
wero roptaghet ae 
where & is any parameter, 
tha ye tropa rant poe ra 
3 through 8 
involatta, end tbs geal drawn from any vertex hy rhe conics form a 
‘8 poneil in involution, 
18, Find the vertioes of tho self-conjugate triangle in the 
the following conies given in Cartesian coordinates, and express them 
in a nelf-conjugate form ; 
() t= yy 4120, and y®4-dey=de; 
(2) Tey+y?—4e-y=0, and Qet+2y+5y"- Ty 49-0; 
and (8) 428+ y"462~ and dry +8y?-8r+6y+1=0, 
If the equations of two conics in of hom 
A, 1 eo ies in any eye of homogenous 


Q 





yitye—setay=0 
and a4 yt 2 Bye Der 4 doy =0, 
find the equations to the sides of the self-conjugate triangle, and 
xpos On sponoas Of the sont i saeonjugte forms 


‘three oonies ¢, (z, y, 2)=1 , .3)= 
ult temriebdahnbrdctet need! 


SF HF SF F. 


is 


ae ale ars 


equated to sero represents three atruight lines, which are the sides of 
eee aoe 


two conios and their harmonie loous # (Art. 
ui tea ‘the equations to the sides of the self-con- 


97. Conics passing through the four angular 
points of a Quadrangle. 

We have shewn in Art. 64 that, if we take as triangle of 
reference the triangle formed by three vertices of the quad- 
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rangle, then the coordinates of tho points are 
i : rea to (fi a) (Am ->) ey ah , ay and 
‘The most general equation of conic ‘ 
aa! + 6B" + cy" + 9fBy + 2y,ya + Aha = 0 
is satistiod by these four points if 
af + bgt + cht + Bf, gh + 2g, hf+ Bh, fo = 0, 
af + bgt + oh — Af, gh— 2g, hf'+ Uh, f 
af'+ bg'+ eh 9f gh + 2ghf- Ih, fo =0, 
and aft byt+ehts Yigh—2y hf, fg =0. 

Here clearly /;=,=A,= 0, and the conic has ite equation of 
the form aa' + 58*+.ey=0, or, as in Art, 99, La'+ MB"+N7y"=0, 
where Lf? + Mgt + At =0. 

Hence The formed by the three 

asap amet afanfagureih coped ol oie 
which pase through the vertices of the quadrangle, 

98. Conics touching the four sides of a Quad- 
rilateral, 

‘We have shewn in Art. 65 that, if we take as triangle of 
reference the triangle formed by the threo diagonals of the 
quadrilateral, the equations of the sides can be written in the 








form 
las mB t my =0. 
‘The most general equation of @ conic is 
aa! + bB* + cy'+ 2/By + Igya + 2haB = 0. 1), 





and this touches these four lines, by Art, 72, if 
AP + Bm'+ Cn + 2Fmn + 2Gnl + 2Him=0, 
Hence, as in Art, 97, we have 7 =0, @=0, and H=0. 
+. gh-af=0, hf-b9=0, fy~ch= (2). 
Hence feg=h=0. 
a fia 9 st sai bas Jah, where all - 
uae oe tl itive sign, or two 
jegative sign Bayes ty the reali in either case 
(i wa ply aquare and gives only two coincident straight 
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Still another solution of (2)ia/=0, 9=0, ¢=0, in which case 
(1) reduces to a pair of straight lines through the vertex 0.) 

‘The only case admissible is therefore 

aa? + bB* + oy'=0, whence bel? + cam +abn* = 0. 

‘We shall use the form 

Pom nt 
Le + UB'+ Ny =0 where 7 + + y= 0. 

Hence The triangle formed by the thres diagonals of a 
complete quadrilateral ix self-conjugate with reapect to all 
conics which touch the sides of the quadrilateral, 

@0. Mx. 1. Shew that the locus of the poles of a given straight line 
with regard to aston of conten pawn throgh fxr giten pot 


a 
Tat the four points be (/, 4g, +), ‘The conio throagh thom is 











Lat + Mp4 Nyt=0, 
where Ift+Mg+NB=0 .. 
‘The pole (a’, , 7’) of given straight line 
lo+mf+ny=0 
fn given by ba 
Scotian Sel, M3 0S nies oe note tae 
E Utpy+mgtyatnbtag=0 


‘This conio ciroumscribes the triangle of reference 4/ 

Also, with the same figure, the equation to PQ is +0, The 
line joining the interseetion of this with (2) to the point 4 is 

(Ym) B=. 

‘The fourth harmonic of this line with respect to the two lines 

AP, AQ, whote egaatons aro Pf, is soen tobe 

mhtB=g (lfm) 7, 
and the interetion of this simight line with PQ, ce $+ 80, i 
‘point lying on (8), 

‘Bimilarly it through the corresponding fourth harmonics to 
the points of faterseotion of the other five lines PR, PS, QR, QS, 
and RS with (2). 

Finally, it must pass through the ite on the given line where it 
is touched reg hartge ney ler tortion 
of the t line with respect to these two cones, 


ef plat wil be found in Bx. 4 tobe the double pinto then, 
lation don the given straight line by the rystom of eonios,] 
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Tnallweham eve points throng which tis cone pan, ence 
it is known as the eleven-point conte, 

Fartienlar uve, Lot e¢nf-+my=0be th line at init 0 that 
Iza, ‘The pole is now the contre, ao that the loous of the 
‘entre of the conic 





is 
obud adeah tba 
‘The fourth harmonics 


the general ease now become the middle 

nts ofthe lines PQ, Pho Pe ibe middle pointof PQ isthe fourth 

Tenet nis of P, Q with respect to the intersection of PQ and the line at 
iy. 


Bx. 2, Find the locus of the cenire of the conics which touch four 
given straight lines, 

‘The straight lines being la mf +ny=0, as in Art, 98, the equation 
to the conio is a7 











Lal + MB4 No =0, 

Pow nt 
where ptm ty 1), 
The centre, being the pole of the line at infinity, is given by 

a a] i) 





Sanne ‘M, N the loous of the centre 
in the st 


P 

pore To ae 
By Art. 66 thia is the straight line joining the middle points of the 
aingonals. 


It follows at once, geometrically, that the middle point of a disgonsl 
leon the centre loe. or avery thin lips, prc eineding 
with the straight line Pi the conditions of being a conic 
Uooching the our Sinen and is ote isthe dale pot of F 

In a similar way we oan shew that the locus of the pole of any given 
Heng Hae i re fo i system of oni it aight line, 
Pawes through the pent on ach dagnal wish wilh the 
intermetion of the diagonal andthe given aright Tine divides the 
disgonal harmonically. 


gone ier én suedraral thee tha 90 of 

e quadrangle formed by its pointe of contact will pass 

Bhreghcachof the angular ents of he triangle formed by th diagonal 

p Meal uadrilateral, and will form a harmonic pencil with the two 
which meet there. 

Lot the sides of the quadrilateral be la.& mf ny =0, andl the conie 








in then 
La? + Mpt+ Ny*=0, 
Bt at 
where rtm tn=" 
un 7 
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Let F, G, HK bo the points of contact of the sides PQ, QR, RS 
and SP, Then F is the point (pie) 4 (e-Bay 
r 1 
Hin (=p Fey) and ie (7 -h): Henee tbo equations 
to FH and GK are 
MOY goa MPM, 
n a m a: 


‘Thou both pum through the pont 4 and form» harmonio pene 
with 4B and 4C, which aro the two diagonals of the ciroomscribing 
quadsilateral which pass through 4. (Fig., Art. 65,) 


Similarly PK and GH pass throogh 0, and FG and HK pase 
Pf Lege: 


It follows that the diagonal-point triangle of the lo FGHK 
in the aame as the diagonal-line triangle of the qu PQRS. 


‘This again follows from the fact that a system of conics insoribed 
in s quedrntaral ave one and ly one commen -conjgate 
ae. 


Bx. 4. 4 family of conics panes through four given points ; shew 
that the pairs of points in which Ue id cut by any atraight line form 
‘an involution system. (Desargues’ Theorem.) 

Take the figure and notation of Art. 97. 

‘Any oonio of the family is given by 

Lat+ Mft+Ny'=0, where Lf Mg?+Ni*=0, 
i.e. ite equation in 
L (eft) + MPM gy") =0, 
te, aM f242+) (BM -g? 7) =0, .. 
where } is any constant, 
Any straight line being 


(1) 





latmp+ny=0 (2, 
the equations to the lines joining the point of the triangle of 
roference to its intersections with (1) is 
19 (mB + ny)! =f2042+ AD (BE 92) =0. 
By Art. 89, Cor,, theta lines for all values of give an involution 
determined by the pair 


penoil 
fh #7=0, 

a) M (mp mp-s*P=0, 
‘Whe first of these pairs gives the lines joining 4 to the interseotions 
of (2) with PR, QS and the second gives the lines joining 4 to the 
Seite an epiion ups 

: F (ou 
bien in pairs pipeey Al eo involution, . 
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It is easily soon that there are two conics of the system which touch 
the given line, and benee these two points of contact are the double 
points of the involution, 


Bx. 5. 4 system of conics touches four given straight lines; shew 








that the pairs its which can be drawn int i, 
te terme station, tral bogey aA 
With the notation of Art. 98, any conie touching the four given lines ix 
Lah MpP+Ny'=0 ), 
! 
whee rt 7 +e0, 
fe PMN +mNL+LM=0,. (2). 





‘The pairs of tangonte from (af, 7) to (1) are 
(La’t + Mp4 Ny) (La?+ M*+ No?) = (Laa'+ MBB +Nyy)* (8). 
Teal aa Sh nl 

=0 in (8), and is thos 

fle? aa? (By'- 
Sty aiikias | 
i.., on eliminating L by means of (2), it is 


Bate (by -A a+ (Pe n8 (y=. 
Boi yf Gi oe as ee iene 
Baten (y'- 69 = 


and Dfta?—n* (By'~ f’y))= 
(On ay nto thee ong 4 ote nterton with 3 
of the lines joini 


', BY) 0 P and R, and (6) the similar inter. 
folio) mee Peed Hees Pop reaesnprers 
togchiag the four sven line it thin ellipse almost exactly 
coinciding wi 








0, 


(4), 






nding wit belie PR rounded of at Fund andthe nga 
to this ‘tore clearly the straight lines joining (a’, ai 
b> tre slew couke of toa ten oon the ies dasinty 


% 
early coincident with QS and 0,0,. Hence the pairs of tangents 
fom eB n° feet si regal maple 
line ellipses PR, QS, and 0,0, form an involution pene 

It is clear that there are two conics of the aystem which pass 
through the point (a, fx’), which are given by (2) and by 

La} MB44+N/*=0, 

Hence the two tangents to these two conics are the double lines of the 
involution pencil. 

(or. The ines joining uny point the ax veto ofthe quai 
lateral formed by four linos aro in involution, 

1-2 
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Gor. 9. Deduce that, (fa parabola is inscribed in a triangle, its direc- 
trig pasece through the orthocentre of the triangle, 

1 the triangle be 480, with O ant orthoventr, and lat a! be 
the line at infinity. ‘Then by the corollary one pair of lines in involu- 
ton is 04, and 1 li 0 to the point of interseotion of BO 
and «2, 4, O4 and the line through O perpendicular to 4. Bo a 
sooond pair is OB aud the line through  perpendicalar to OB; and 
third pairs OC andthe ine through © perpendiuler to 00. nee 

mo pars of th line. in iavlation area right angles 
Theralore (Art 8 al the pais of invlatin ins ar at ight angle 
i.e, trom O all the pairs of tangents drawn to the parabolas aro at 
right angles, and so 0 lies on all their dirostrioes, 


Mx. 6, Shew that the director circle of all conice which touch four 
straight lines have a common radical axis which és the directris of the 
parabola belonging to the system, 

‘The equation to any such conio ix 


La?+Mpt4Ny2=0, 
whore om h a0, 
he eMNepuTeLieD wl). 





‘As in Art, 79, the equation to the director circle is 
AE Sei ear pm) 
+ f+ af cos C)=0...(2). 
By (1) is pane Gwe ta lal i 
Retina P+ at42yacoe B_ aigiseete 
nt is 
te, ae Bx, 4, through the common ieee 
described on the three dis a diameters. the ciroles (2) 
are cosxal for all values of , M, N. 
‘Thore is one parabola of the system, vis. 
Lyat+ Mp4 Ni7*=0, 


nw ee 
give by Lt tye p+ ite (8), 
and ile direct, being » patiolar ona of the above set of director 
ciroles, must pass through their common points. 
Tn the cato of the parabola the equation (2) must reduce to 
cut seta the dete ‘Honoe the equation of the 











seated My (+ 1) +2 N (L444) =0, 
i,¢., from (8), by solving for L,, M,, Mi, 
S(t (8c) a (nt =) 4 at 0, 
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tand thie is therefore the equation to the common radical axis of the 
ayslem of director circles. 

‘The above theorem may sleo be deduced from the involation 
theorem of Ex. 5. 

Taking the figure of Art. 65, lot 0 be either of the points of inter- 
seotion of the circles on PR and QS as diameters, so that POR and 
QOS aro right angles, Hence the involution penoil (Bx. 6, Cor. 1) 
hua two pairs of correeponding rays at right angles, Hence, by Art, 
onal we ot coreaponding rays aie Hight aogla. Hence (00, 

a it and the on as jeter throng) 
the ee ‘lnlrsetion ofthe citlea on PR und QS es diameters. 

‘Also, if from 0 wo draw a pair of tangents to any conia inscribed 
inthe quadrangle formed by the fur Lins these angen form 8 pai 
of the line-involution system and are thus at right angles, Honce the 
Airector circle of this conic, and all other conics touching the four 
lings, pase troagh the point 0, ao tht the diretar rele of ll such 
conies are cosxal. 


Binoe the direotor circles are coaxal thelr centres most Ile on a ine, 
{2 the loca of the eantre ofall cones which fouch far given trig 
lines is « straight line passing through the middle points of 
diagonals of the quadrilateral formed by the four lines, 








1, If conics be drawn through four fixed points, prove that their 
Potrgeelsey te pe appeal sped maiyien point 
Q; and that PQ is the tangent at P to that conio of the system which 
pases through P. 


, Prove that the envelope of the polar of a given point with respeot 
to's system of conics inveribed in s given qu in a conic 
inseribed in the diagonal triangle of the quadrilateral, Shew that this 
last conio is & parabola if, and only if, the centre loous of the system 
passes throngh the given point, 

3, A aystem of conics passes through four fixed points, Prove that 
the Looun of the points of onct of tangents dria to thom fron 
another fixed point is « cubio curve passing through the fxed point, 


4, Show that the polars with rospect to two conics of a point on a 


ven it line intersect on s conic circumscribing the triangle 
Sk a at toons eit fspod 05 besoin 


6, From the proponition of Art, 99, Kx, 1, deduce that ; 

1) the centre of a conto passing through the vertices of a triangle 
anil is otho-anar anon tbe nite peat erle of the ‘ccaat 

(2) the centre of « conic passing through the in-centre and the 
‘threo e-contres of a triangle lies on the cireum-cirele of the triangle, 
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6, fon beg le see ey pein apr har 
Facial inte din the diagonal harmonically, the six points so 
‘rl lo 00a toni 


7. ew that he envelop ofa strug line whih set baron 
cal, by Sv. paif oppo ides of « quadrilateral is eonlo 
touching the two sides of the quadrilateral, 


8, Two conics, S and 5’, moet in 4, B, 0, D. If the tangents to S 
8) 4, Baie (ca, then the tangents’at C, D to S also meet 
on S, 


9, If three conics ciroumscribe Erin abst common tangent to 
any two is out harmonically by the ints of contact of 
— rete doable plat of the inolaios determined by tha 


10, If three conios are insoribed in a quadrilsteral, the tangents to 
tro of them ts eommen pont and the tv tangents rom hat point 
to the third eonio, form a cece 


ail 4oeonioe are ineibed inthe sme quaiatera, shew that 
their tangents at a common point cut any disgonal harmonically, 


12. If two quadrangles have the same harmonic triangle, their eight 
vertices lie on conic, which under certain conditions becomes two 
straight lines, 

13, If two quadrilaterals have the same hermonio triangle, thelr 
ee touch conic, which under certain conditions reducée to 

wo points, 


14, If the ends of each of two diagonale of » complete quadri- 
Pepe heosan ce) jints with respect to & given conic, shew that 
the ends of the nal are conjugate points also, 


1.25: Show thatthe harmonis triangle of the quadrangle formed by 
n points of two conics coincides with the harmonio tris 
ike tokiaien! ba esate teat cetire ngeaia (hes Gale 
hhave only one common sell-conjugate triangle.) 


16, If chords PQ, QR, RS of s conio pass three fixed 
goliear pint, the chord PS pesos troagh « fied point [Use 
‘Desargues’ Theorem.) 


Cir elope of the if w fixed point P with 
wo wren hn ae sr nf eae wh 


ie the throe sides of the self-conjuga of the conies, 
aes oblatned by olniog P to aay amare intersection, Q, 

A ies ee nes ead Wu roe ‘conjugate of this line for 
fhe two cunseon ange its through Q, and (8) the ynts at P to 
the In conien of the systems which pans throagh P, Line 
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18, From a fixed point 0 in the third diagonal of a quadrilateral 
PQRS tangents are drawn to a series of conics insoribed in the 
qusdrilateral, Sbew that the loous of their points of contact is a 
conic which passes through P, Q, R, and S, 
aetna that taploeniorgy . eg re (or range) formed 4 

eo ra (or a it (or line) P with respeot to a system of 
four-point \e pen conies is the pea for all positions re 4 

20, Show that the loous of the foci of conics insoribed in the 
quadrilateral fa.4 mp4 ny=0 in tho oubio 

(ua-+48 +6y) (Pal cot A + mip cot B + n'y? oot 2) 

hierar 
= ert aot) (54 + at 

[This cubic through the circular points at infinity and 
through the six intersections of the four given lines.) 

21. A conic touches the sides PQ, QR, RS, SP of s quadrilatoral 
PORS and moets any straight line through a diagonal point in 7’ and 
1; prove that P,Q, R, 8, T and T’lisonsconi, — * 

22, It p,q are the perpendioulars from opposite vertices of s quadri- 
lateral, and r,« those from the other pair of vertices, upon any tangent 
® ‘8 conic inscribed in the quadrilateral, prove that pr=kge, where k 

‘constant. 


If the conic be a parabola, shew that k=1, 

100, Conic referred to a triangle given by two 
tangents and their chord of contact. 

Let the vertices, B and C, of the triangle of reference be 
two points on a conic, and let the tan- a 
gents at B and C meet in the third 
vertex A, 

‘Then, as in Part I, Art. 409, the 
equation to the conic may be written B, 
in the form a 

By =k, 

‘The coordinates of any point on this 
conic may be taken to be (t, &, #). For 
these quantities clearly satisfy the equa- “ 
tion. 

‘The fact that any point on the curve ¢ 
can be so simply given in terms of one variable parameter 
makes this form of the equation very useful in many cases. 

‘The point ((, & () may be called the point “t.” 
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‘The equation to the straight line joining the points ‘¢” 
and “0” is 
4 By 
4 kh #0, 
tk | 
ie. + ha (+0) Bt hy =0,sarsssseeeerne(I), 
on dividing by the factor ¢—& 
Putting ¢=¢ in (1) we have as the equation to the 
tangent at tho point “4” 
hat - BP ky =0, 
‘The tangents at the points “t” and “t,” meet at the point, 
(t+, 2h 24h), 
‘The straight line Ja + mB + ny 






te, if P= 4hmn. 
Hence the conic is a parabola if a* = 4hbo, 


101. If P be the point “<,” the equation to BP is 
ta—y=0, and that to CPis ka— ft=0. 

It follows that, if ¢ is given, the positions of the lines BP 
and CP are both unique, and henes P is known uniquely ; 
similarly, when Pis given, t is also definitely given, Between 
“¢” and P there is thus one-one correspondence, 

It ¢ be positive, the point P is on the part of the curve 
whieh ie te ths cae hts BO oa is; if it be negative, 
then P is on the other side of BU, as at P’ in the figure, 
When ¢ is zero, P is at the point B; when ¢ is infinite P is 


‘at C} for the equation of BP, which is a-T=0, then 


becomes a=0, i.e, BP and BC then coincide, so that P is 
then at 0. 


109. Mx. 1, The base of a triangle towches a given conic; ite 
extremitien move on two fized tangents to the conic, and the other sides 
of the triangle pass through fixed points ; shew that the locus of the 
vertex is @ conic pasting through the given points, 

Let the points of contact of the two fixed tangents be B and C, and 





TWO TANGENTS AND CHORD OF CONTACT 105 


let them interseot in 4, Take ABO as the triangle of reference, #0 
that the equation to the conia is By= kat, 

Lat tho variable triangle be LAIN, where AY lies on AC and N on 4B. 

Bineo MN touches the oonio, its equation is 

kta - A ky=0, 

Hence Mf in the point (1, 0, 1), and is the point (t, 2k, 0). 

Lot the fixed points through which Lif and LN pass be (a), 81» 7) 
and (ay, By» 4)» 

‘Tho equation to Lif in 





4 BY 
ay Bn 
1, 0, % 
fe, Mt (aB, ~ 4,8)= ~ (By - Bir) 
Bo the equation to LN is 
¢ By2~ By7) =2k (ory ~ 097). 
‘Hence, on eliminating t, we have, as the loous of L, 
Br Ar7) (Pra~ Br7) +48 (08, - 218) (or1- 447) =0, 
which is a conio passing through the two fixed points. 
Bx. 2. Shew that the equation to the circle of curvature at the 
Point B of the conic y=lka¥ is 
hb (0 +424 2ay 008 B)=y(aa+b8+e), 
‘and that the radius of curvature ts Eandene, , where Ris the radiue 
Of the chreum-circle of the triangle of reference. 
Tho tangent at B is y=0. Hence by Part I, Art 886, II, the equa- 
tion to a confo having contact of the second order with the given 


conio at B is 
By kat+y (hat u7)=0, 
ie. ~ helt wy y+ ya=0, 
This isa circle if 
0? — be= wa" ~ ko! Nea= - hl’, (Art, 655) 
+: ub=e~bk and Xb=a-9Kb oon B, 
Hlonce the required equation is 
Hb (a +724 2ey con B) = (aa-+ 08+) 
But, if P bo any point on the cirele of ourvature, we have 
‘BP*=diameter ofthe circle x perpendioular from Pon the tangent at B, 
so that, by Art, 49, the equation to the circle is 
3. 
A TOD apy = Elan DB +ey) 
Comparing this with (1), we have 
4 _ Rain dsinc 
"joan a hein 


}=0, 
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EXAMPLES. 


1, Tho base of » triangle passes through fixed point, and the 
oxtremities of the base move on fixed tangents to 6 onic, whilst the 
remaining sides touch the conic, Shew that the locus of the vertex is 
‘ conie having double contact with the given conic, 


a bey Tomy glee fle touch beh pesd eth po lhhe on 
vertices lie on the st it lines B~ Ayy=0 - = 0 respect Hi 
Maker he paleie rel pte a ali 


+a)" By= 4k daah, 


8, The intersootions of w atraight line with x conic and its inter. 
sections with a pair of fixed tangents to the conic form » range of 
constant cross-ratio; shew that ite envelope is conic having double 
‘contact with the given conic, 


4, Given two points, B and C, on a conic, shew that the envelope 
of « chord PQ, such that B, P, C, Q give a conntant eross-ratio when 
ining to any point ofthe given coi, ‘8 eonio touching the given 


conio at Band 0. 


5, A triangle is insoribed in a conio and two of its sides pass 
through fixed points M,N’; shew that the third side envelopes 8 conic 
Having doable contact with the gen conl a itt intersections with 





6, A chord APP’ of a conic is drawn through « fixed point 4, to 
meet the curve in P and P, and on it is taken ® point Q much that 
4 )P’) is constant; shew that the loous of Q is a conic baving 

contact With the given one, 


7, PP’, QQ! and RR’ are chords of s conio which meet in s point 4, 
and’ in any other point on the conic. Shew thet the points of inter- 
section of QR and SP’, RP and SQ’, PQ and SR lie on « straight line 
passing through 4, 


8, A family of conics have double contact at two given points B 
and 0; show that the loous of the points of contact of tangents drawn 
in agiven direction is conie passing through B, C and the intersection 
of the tangents at B and C. 


Q, Two triangles are formed each by two tangents to a conio and 
their chord of contact; prove that ase acter Pa Tie on a conic, 
and that their six sides touch another conic, 


0, Find, in areal coordinates, the equation of the parabola, which 
touches the sides 4B, AC of the fundamental triangle at Band C, 
‘and shew that ite foous is the point (14 +c! ~a?, b4, c%), 
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}. Mx. 1. If two triangles ABC, A’B'C’ are inscribed ina conic, 
PPro fic and they are self-conjugate with respect to 
4@ third conic, 


‘Take 480 as the triangle of reference, and let 4’, B’, C’ be the points 


{eis Bvrds (ay Ba» mn) and (05, Bs) %2)- 
Lot the fit 


hee Re 
‘Thon, as in Art, 90, the equation to B’C’ is 
Ta MB. Ny 4 
343 how an 
Any conic insoribed in ABC is 
inet JIB UT =O os 
and, by Art. 91, (2) touches (3) if 
MN NL LM 
ema Geet eaasBihs 
and thin is satisfied by 


(1). 














=0, 





ee 
nhs 
since the point 4’ lies on (1). 

‘Hence B’0’ touches the conic 


t/a 1 | saa* 1/0 


‘and, by symmetry, the conio will be touched by C'’, 4'B' also, 
Agnin, any conic self-conjugate with regard to ABC is 


Tyat+ My¥+Ney?=0, 
and (a4 Bis ms ie, ae 
aay _ My fi 
ir-? 
03 sich nn 
fie. for the conlo 74", MA, _Na* 9, 


Sandy nent nnn 
and s0, by symmetry, B' and C' are the poles of C'4! and 4B! with 
respect to it. 


It follows that all triangles insoribed in the conio 
Lpy+Mya+Nop=0, 


and touching the conio 4/ta+a/mB-+ «/iry=0, are sll-conjagute with 
respect to the conic 


peed eh tao. 
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Bx, 2. Lf the rides of two triangles ABC, A'B'C' touch a conic, their 
engalar points on coi, and hey ar se-cojugate wih reaper 
aw conic, 


‘Take ABC as the triangle of reference, so that the equation of the 


firat conto is alec 
Ea Jip + /N7=0 0 (). 
Tet the ecordinatas of the points of contact of BC’, 0'4! and 
Ai 


(eis Bis ri (94y Bas v9) ma (3, Bo» v9)- 
‘Thon, as in Art, 91, the equations to B’O’ and O'A’ aro 


i, ‘iM IN 
elke rans bora 


wt agfEatg [Renae 


Th the point (s/aieq, «ffi, Vanya sinee the oo 
fetta othe sen pence robe ee = 


So the points of interseotion 4’ and B of the other tangents are 
(vats, Bas Vivre) and (4/0381, «Babi» Vram). 
‘These all lie on the conic 
Taozes Py + VM Bi Prps yet Nin 8=0, 
which is « conic circumscribing the triangle ABC. 
As in th it in easily soon that both trian, 
wilsorape vi repel tothe cece ar 


L ee N 
alana) pals] an 
It follows that all conics ciroamsoribing the conic 
Eat B+ /Ry=0, 
‘and inscribed in the conic 
Ipy+myatnap=0, 
are self-conjugate with respeot to the conic 


FMM ateo, 








Bx. 8. If two triangles ABO, 4’B'C' are velf-conjugate with regard 
toa conic, ie aig cans lie on a second el and their viz sides 
touch a third conic, 


Let ABO be the triangle of reference, wo that the fret conte is 
lat -mpt+ny?=0... (0). 
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Let 4’, BY, C' be the points 

(41 Bis-rahs (64 Bas rads C62» Bas va)- 

Binos each is the pole of the line joining the other two, wo have 

Tegoy+mBrPr+ nya =0 

Lage; +88, +097) =0 

and Lay og +m 8, Brn yi ys =0 

eee a ee ere ("lis onthe sonio 

Vareaty +t Ann 9 | 
1 








whioh olearly passes through Ay B, and 0, 
Again the equation to B’O’, the polar of 4’ with respect to (1), is 
faa, +m 66; +ny1=0, 
and this touches the couio 
JTa+ J/itp+ /y=0, 
if, by Art. 91, Lmn8,y,+Mniy a, +N ina 6;=0, 
whioh is satistied if 
L=Payayas, M=m*p,p,8; and N=n'y, 7375, 
since (2) is true, 
Henee B’0’ touches the conic 
Tfajaqaye-+m YB PaPsB +0 I T=0 om lB), 


80, by symmetry, do (’4’ and 4’B’, Also this conic is touched 
Hee eer the Cae A20. 





be I Plicadl pound Pt Cer Plt tien dal 

inscribed in 8, and circumscribed about 8s, then an infinite number 
Poncelet’s Theorem.) 

Let ABO be the given triangle which is inscribed in 8, and cireum. 

scribed about 8. ratte og fea 8 ad, 
tangents to 8; to meet in 4’. By Ex, 9, 

porter addep bev ng ory? 4'BC! touch & conio, their 

i {.¢. d' lies on the conie determined by 
Tin on §;.. 80 for any olber 








tangent BO" drawn 


8 fon one ean ak le which ie el 
ate for is 3 me ra eer) hen 
umber of triangles ean be 4 described, 
[Let ABC bo the given triangle ; lot 4' be any point on %, and lot 
a! with rogard lo) meth in Band 0"; alo le “pets 
, of B' meet B'C’ in 0”; apply Ex. 8 to the two ABC, 
B/G which are wall-conjsgate Yih oes to - Bl , for 
the seoond part, by starting with any tangent B'0” to 
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104. Areal Coordinates. Much of the preceding 
Chapter holds for Areal Coordinates as well as trilinears ; 
the chief differences are set down here, 

‘Tho conic represented by the general equation 

(0, ys 2) =n" + by? + a+ ya + Igan + Dhay =0 
isn parabola if (Art. 74) 
A+B+C+2F42642H=0; 


it is a circle if 
b+o-2 - b-2h 
te ects t (Art 85); 
and it is a rectangular hyperbola if 
0a, + bb, + 00;'— 9f by 0,008 A — 29040, 008 B ~ Dhayb, cos C= 0. 
(Art, 80.) 
Ita centre is given by 
+ hy, + 9m = hat, + bys + fn = 9m + fyi + 0m, 
; dp i dp 
ie, peta A 
ar, ay, am 
and is thus the point 
(44+H46, H4+B+F, G+ F40), (Art 78) 
‘The equation to the circum-circle is 
ay ys + bjiee + of'ay = 0. (Art. 83) 
‘The equation to any circle is 


agtys + Djtex+ day = (x+y +2) (hia + hty + hia), 
where f,, t, 4 are the lengths of the tangents to tho circle 
from the points 4, B, C of the triangle of reference (Art, 86), 
‘That of the in-circle is 


ay ere) a0) 
aac ds / yo 2s,/se0S=0, (Art. 87.) 


‘The e-circle opposite A is 


f= 20s ,/yunds . [s1ax8 =0, (Art. 87.) 


‘The nine-point circle is 
bye, 008 Aa* + cya, co8 By* + a,b, cos C's" 
= ajyr—bjtax— cay =0, (Art. 87.) 
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‘The self-conjugate circle is 
soot d+ytoot B+steot('=0. (Art. 87.) 
The foci of the general conic are given by 





4646-9) $emy2)- (42-4) 
a 
=two similar expressions, (Art, 89.) 


Tn general if the trilinear equation 
aa? + DB" + oy' + 9/By + Igya+ Bhap = 0 
represents the same conic as the areal equation 
aya? + by" + 0,2" + Bfyys + 2g za + Uyay = 0, 


in ie: hee 
ise aa” bp ay’ 
we have 
ant _ baba! _ eve _Aibuee _ gueat _ Braud 
oO pe ba 





whore 4, by, ¢ are the sides of the triangle of reference. 
‘These relations enable us to transform the coefficients in 
4 trilinear equation to the corresponding coefiicients in an 
areal equation, and conversely. 
EXAMPLES. 
1, Shew that the polars of the verti Reba oom a 


t to any conic meet the ite sides in three collinear 
= that the lines joining 4, Vanna uomaarres 
‘concurrent, 





2, Three points are taken on the sides HC, C4, 4B of a triangle 
sch that Be = C9 A prove that nah ofthe ide ofthe triangle 
POR touches « fixed parabola. 

8, Determine all the common tangenta of the conies 

y+ 28+ Bye + day =O 
and 14 y84008~ Oye - Gex — Rey =0, 
4, Bhow that the equation 
N= y=3)+ J=De-2)+ Ja) 
represents only a pair of ooinoident straight lines, 
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5, Show that the pair of tangents that can be drawn to the conte 
2 (Bcos B~ a cos 4) 7 ~fH008 0=0 


ith the rag in 20a te chord of conte ae a ght angle 


6, Shew how to find the condition that two given conics may 
infor ta four soneelio points. Prove tha, i by ue the ides 
of the triangle of reference, the conioa 

Py+y0+0p=0 
and a(b4+c)a?+b (¢+a)B-+0 (a-+2) 78 - Dbepy - 2eaya—2abap =0 
satisfy this condition, and find the equation to the circle through their 
points of intersection. 


7. Bhew that the reed roy jnation in areal coordinates of « conic 
wate pases throng Tniddo points of the sides of te triangle of 





Mok acdipbre nimeTioies 
Find the ratios of f, 9, h that the equation may be that of the nine- 
point circle of the ériangle. 
8, Shew that the three pairs of straight lines 
Gya%+ Dyep+e\fF=0, 0968+ Bypy Heyy =0, 
ayy Dyyat ea! =0 
will touch the same conio if ay 04a=c1e9¢s- 


Shew that the three perpendiculars from the angular points of » 
tsanle pon the eppnite sides andthe thee metians ll each » 


Q, Prove that the lines joining exch angular point of triangle 
Pe Oe a Nea teetie uae ton rc ont al toe 
another conic. 


10, Tangents drawn from the angular points of the triangle of 
reference to the conie 
aa + b+ oy8 +9 By + 2g yd + Map = 0 
pen coh au sides in six points; shew that these six points lie 


BOa!+ CApt+ ABy*~ 24 F By ~' 28070 2CHop=0, 
where 4, B,... bave the usual meaning, 
Bhew also that the above two conics and the conic 
ala @h=af)+ BOS=09) + /7(Fo-eh)=0 


have » common inseribed quadrilateral. 


aa Rll ge sug ne aro conjugate with rect to aie 
‘that they, and the two tangents drawn to the conie from their 
pus ot hvcson’ rats berets yous 








EXAMPLES 3 


12, Through two fixed points are drawn two lines 
0s iven conic, Shew that the locus of their point of inter- 


conio, passing through the fixed 
sof ilererien of thts pees Shik ina Coane : 
18, Each angular point of the triangle of reference is joined to 
two fixed ite (a, By, ir 
poi of ertsoiee ia ta epg 
cous 


Shehmiast] 





BP ins Pav . 
1 bY 1 
"Lie tral “Lan taal 


14, If two triangles 430, 4'8°0" are such that 4, B, C aro the 
poles of BC’, C14’, ’B' with tespeot toa conie, shew that the triangles 
are in ive. Prove also th oe 
pole ofthe axis of perspective with regard to the eo 

15, A yht line drawn throogh a fixed point A cuts s conic 
patting through two fixed pointa B and O in P and the line BC in 44; 
on it is taken a point Q such that the eross-ratio of 4, P, 4), Q 18 
constant; shew that the loeus of @ is a conie through B and C. 


16, Prove Carnot’s theorem, that if a conio meets the sides BC, 
dy AB of a triangle in 4, and 43, B, and By, C; and C,, then 

AB, .ABy. BO; . BCs. C4, .CAy=CB,. CBy. AC, .ACy. BAy. Ba. 

[Use Areal Coordinates.) 

ta ela ane te 

is bw re eo 

that its interscotions with the line at infinity form with the cizeular 
polnts at infinity « harmonio range, so that these ciroular points are 
conjugate with respect fo the conio, 

18, In Areal Coordinates shew that the tangential equations to 
the ciroum-cirele, in-cirele, self-polar circle and nine-point circle of 
the triangle of releronce are respectively 

adptbJatedt=0, 
(+e~a)9r+(c+a~2)rp+(a+b~c) pq=0, 
Pitan 4+ g!tan B+rtan 0=0, 
and adgtred Jrtpte iptg=0, 
where a, b, ¢ are the sides of the triangle of reference, 

19, Show that the equation of the circle of curvature at the point 
A of the conte 1+ Mya-+ Nap =0 is 

aLMN (82-442 +96 008 A) 

= (MP4.N#- BAIN 008 A) (NB-+ My) (00+ 0B +ey), 
um 8 
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and that the corresponding radius of eurvatare is 
gh (tN IN en a4 


a 
where 2 is the circum-radius of the triangle of reference. 

20, Shew that the radical centre of the escribed circles of a triangle 
in the centre of the inscribed conic whose equation in areal coordinates 
in Jar Jy fet=0. 

Q1, If two conics have each double contact with s third, their 
chords of contact with the third conic, and a of their chords of 


{intersection with each other, all pass through the ame point and 
form a harmonie pencil. ve bi 


22, If three conics have double contact with « fourth, six of their 
chords of intersection pass, three by three, through the same point, 
and form the sides and diagonals of » complete quadrilateral. 


23, ‘Two triangles are inseribed in s given triangle and are in per- 
ive with it; shew that conic self-conjugate with respect to the 
iven triangle can be drawn to touch their six sides, 

If the two triangles are circumscribed to the given triangle and are 
in perspective with it thon, similarly, s conic, self-conjugate with 
regard to the given triangle, can be drawn through their six vertices. 

24, If the lines joining the vertices of the triangle of reference to 
‘those of the points in which the conic 

oa? + DB + ey + 2/y + 2gya+ Dhap=0 
meets the opposite sides are concurrent, the same is true for the other 
‘two points, and the condition for this is 
abe—Bfgh-aft— bgt -cht=0, 

[Let three of the lines be 6 py=0, y-qa=0, and a-r8=0, so that 

por=1, Since A py=0 is a factor of 


+ ABytey=0, -. 
‘and s0 for the others, 


"ia (oi) (n(n! 


; 
tebe e+ abi Uegt cate, since por=1, 


=-dabet+a (f+4r)"+ 









¢ 
vats 





~ Habe + daf"+ dbg!+ deh.) 





CHAPTER IV 
MISCELLANEOUS THEOREMS 


[This Chapter may be omitted by the Student on a firet reading.] 

108. Pascal’s Theorem. {fa hezagon be inscribed 
in @ conia, the points of intersection of the three pairs of 
oppovite sides are collinear, 

Let ABODEF be the hexagon ; let AB and DE moet in 
P, BO ond EF in Q, and CD and FA in R, Then PQ? 
shall be a straight line, 





‘Take ADP as the triangle of reference, so that the equa- 
tions to DP, PA, AD are respectively a=0, 8 =0 and y=0, 
Let 5= la + mB + my=0 be the equation of BE. 
‘Then the equation to the conie is 
ap = hy... (1). 
Let the equation to CD be a=Ay, so that, by (1), th 
equation to BU is 
Mak 


Let the equation to AF be 2 =py, 80 that similarly the 
equation to BF is 





pa = kb, 
Then P is given by 
B=0 and a=0; 
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stad ete AB=K8 and BB 
=h8 and op = kd; 
and R in given by ayy! 
a=hy and B=py, 
All three points lie on the straight line whose equation is 
n= )p. 

106. Brianchon’s Theorem. Jf a hexagon circum- 
scribe a conic, the lines joining its opposite vertices meet in 
« point, 

‘Take the figure of the previous article, Let the tangenta 
at A, B meet in X; the tangents at B, ( in Y; those at O, 
Din Z; those at D, # in U; those at £, Fin V; and those 
at F, Ain W. 

Since the polars of X and U, ie. AB and DE, pass 
through the point P, therefore the polar of P passes through 
X and U, ie the polar of Pis XU, 

So the polars of Q, R are YV and 27. 

But the points P, Q, 2 have been shewn to lie on a line, 
Hence, (Art. 12), their polars wneet in « point, é. the three 
diagonals of the hexagon XY ZUVW meet in a point. 

107, By taking the points 4, B, C, D, X, F on the conic 
in different orders we shall obtain sixty different hexagons. 
For if we keep one of them, 4, fixed we can permute the 
other five points in |6 different ways, and the number of 
different hexagons is obtained by dividing this number by 2. 
For any such permutation as BFDEC, when joined to 4, 
gives the same as it does when reversed as CZDFB, 
since the hoxagon ABFDEC is the same figure as ACEDFB, 
Hence altogether there are sixty such hexagons, and sixty 
Pascal lines, 

‘Those Pascal lines pass three by three through twenty 

ints, To prove this, let the alternate sides of one of the 
lesan be produced to form two triangles. Thus, ei 
the hexagon ABCDSF, let FA, CB meet in X, FA and D. 
in Y, DB and BC in Z, CD and EF in X', AB and CDin 
Y' and finally AB and £F in 2’, 

Then, since by Pascal’s Theorem the corresponding sides 
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of the triangles XYZ, X’ Y'Z' meet in collinear points, they 
are coaxal and therefore copolar, i, XX’, YY’ and ZZ are 
concurrent. 
But XX’, YY’, 22’ aro respectively the Pascal lines of 
the hexagons ZPADCB, BAFCDE, and FEDABC. 
Similarly for six tangents to a conic there are sixty 
Brianchou points, which lie three by threo on straight lines. 


108. When the angular points 4, B, @, .., of a Pascal 
he are 80 
that the Pascal line cute the 
conic, sn easy analytical 

roof may be obtained for 
th Pascal's and Brian- 
chon’s Theorems, 

Let the line joining the 
intersections of AB and DE, 
and of BC and BF, cut the 
conic in B,, Cy; let A, be 
the pole of B,C, and take 
A,B,C, a8 the triangle of 
reference, so that the equa- 
tion to the conic is 

By =a .. (1) 


Let the parameters of the points 4, B, 0, D, #, F be 
is bas bay bas boy bor 
‘The equations of AB and DE are 
— k(t +h) a+ Blt + yk = 0, (Art, 100) 
and k(t. +h) a+ Blt, + yk = 0. 
Since they meet on a=0, 
fe he 
So, since BC, HF meet on 
“hha bl 
From (2) and (8), we have 
4h=bhy 
so that similarly the point of intersection, 2, of CD and FA 
lies on PQ. 
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Brianchon's Theorem, Draw the tangents at 4, B, 0, ... 
80 as to form a hexagon. 
The tangents at 4, B moet at the point 
(a +t, 2, 244). (Art, 100.) 
The tangents at D, meet at 
(tat by 2k 24). 
Since ¢,/,=4,4,, these two points lie on the line 
Btyty ~ ky =0, 
which passes through the point 4,. 
Similarly the other two lines joining opposite vertioes of 
‘the new hexagon pass through 4,, and so they are concurrent. 
Cor. It follows that the point of concurrence of the three 
diagonals of a Brianchon hexagon is the pole of the Pascal 
line of the hexagon formed by joining the points of contact 
of the sides of the Brianchon hexagon. : 
Also that the Pascal line of a Pascal hexagon is the polar 
of the Brianchon point of the hexagon formed by the inter- 
sections of the tangents at the angular points of the Pascal 


109. By means of Pascal’s Theorem we can construct a 
conic passing through five given points A, B, C, D and £, 
For through # drawan Taenet the conic in a point X 
to be determined. By 's Theorem the intersections of 
AB and DE, BC and £X, and CD and XA are collinear. 
Hence, if the first two pairs meet in Pand Q, and PQ meet 
CD in R, then RA cuts £X in the required point X. Thus, 
by drawing different lines KX through £, we can determine 
as many points X as we wish. This construction clearly 
simplifies into; Draw any line through P the point of inter- 
section of AB and D¥ and let BC, DC meet this line in Q 
and R; then the intersection of Q# and RA is a point X 
on the conic, 


110. Similarly, by Brianchon's Theorem, we can construct 
by means of tangents a conic which touches five given straight 
Lines P, Q, R, 8, 7, For let P and Q moot in the point ¥, Q 
and 2 in Z, R and § in U, and § and 7'in V. Take any 
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Lieg Sebeh rey ie join X07 and YV to meet in 0, and 
jet 20 meet the line 7’ in W; then XW is the other tangent 
through X. By taking different points X on the line P we 
can construct as many tangenta as we please. ‘This construc- 
tion clearly simplifies into: Take any point 0 on YV; draw 
U0 and ZO to meet the tangents P and 1 respectively in the 
points X and W; then XW isa tangent, 


111. By Pascal's Theorem we can draw the tangent at 
any point A of a conic through 4, B, C,.D, &, Ror, in this 
case, the point F of the general theorem is the next point 
to A on the curve, and indefinitely near coincidence with it, 
‘Tho line £F of the general construction is now FA, Let 
then 4B mest DE in P, BC mest EF, ie, BA, in Q, and 
CD meet PQ in R; then R lies on FA, i.e. on the tangent 
at 4, Hence, joining 24, we have the tangent at 4. 


112. By Brianchon’s Theorem we can find the point of 
contact of any tangent P of a conic which touches the five 
lines P, Q, 8, S, 7. For let P and Q meet in ¥, Q and R 
in Z, Rand Sin U, Sand Tin V, 7 and P in W, and let 
X be the required point of contact of P. We may then 
consider the one tangent WY to be replaced by the two 
tangents WX, XY which are indefinitely near coincidence, 
and whose meeting point is X. Then XYZU VW is hexagon 
ciroumscribed to a conic so that XU, YV, and ZW meet in 
& point, ie. X is the point where the line joining Uto the 
point of intersection of YV and ZIV meets IY. 


1, From Pascal's theorem deduoe that if « conic ciroumsoribes a 
triangle the tangents at the angular points meet the opposite sides in 
collinear points. 


2, From Pusoal’s theorem deduce thet tho tangents to a conic at 
two opposite vertices of an inscribed quadrilateral meet on the third 
diagonal, 

3, Show shat the benagon formed by the ax line in order which 
are obtained by joining alternate pairs of vertioos of a Brianchon 
hexagon ABODE ina Pascal hexagon. (For the triangles ABC, DBF 
are copolar and therefore coaxal.] 

Similarly te hexagon formed by producing to meet llenat iden 
cof s Pasoal hezagon is « Brianchon hexagon, 
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4, From any point of the ciroum-cirole of a triangle ABC - 
dioulars are drawn to the sides BC, C4, AB which meet the circle 
again in D, Z, F respectively. Shew that « conio oan be drawn to 
touch the six straight lines 4B, BC, CD, DE, EF, and FA. 


5, From Brianchon's theorem deduce that the ortho-centre of a 
‘triangle circumscribing @ parabola is on the directrix. 


afi 210 tnnales aro in perspective deduce trom Pasa’ and 
nohon’s theorems that the straight lines joining non-oorresponding 
vertices touch  conio, and that the pointe of intersection of non- 
corresponding sides lie on s conie, 


7, From the theorem that if two triangles aro insaribed in a conto 
they also are ciroumscribed to a conic, deduce that the 60 Pascal Lines 
formed from six points intersoot threo by three in 20 points, 

Make use of Pascal's Theorem to construct « conic, given: 

8, four points and the tangent at one of them [F and A coincide 
but FA is given in direction). 

9, foar points and the direction of an asymptote, 

10, three points and two lines parallel to the te, finding 
abo fo oi pluie wher tis pdr Ge ee 

11, one point and the position of both asymptotes, (The two points 
at infinity 0, and 0,’ on one asymptote are given, and 60 0, and 0.) 

12, two points, the position of one saymptote, and the direction 
of the other. 


Make use of Brisnchon's Theorem to construct s conic, yiven: 

13, four tangents, and the point of contact of one of them, 
(i teal ve tangents, to beng ecinsident io destin, but with & 

finite point of intersection). 

14, three tangents, and a given line as an asymptote, 


15, four tangents, the conio being a parabola, [I two of the 
tangents meet the line at infinity in 0, , then 00’ is the fifth tangent.) 


16, Given four points on 1 conto, and the tangent at one of the 
pointa, construct the tangents at the other three points, 


17. Given four tangents to s oonis, and the point of contact of 
of hem And the poate of contact of te other tres, tangent. 
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Harmonic Loous and Harmonic Envelope. 

113. To shew that the locus of a point the tangents 
which to two given conics form a harmonic nae 
tangents to each conio being conjugates] is a conte having 
common self-conjugate triangle with the given conics, 

‘Take the common self-conjugate triangle of the two given 
conics as the triangle of reference, so that the two conics are 

Se Lo* + MB + Ny =0, 
and SS Lio + MB+ Niy'=0. 

The equation to the tangents from (a’, f, »’) to the first 
conic is 

(La + Mp4 Ny’) (Lat + MBt+ Wy) 
= (Lea’ + MBB’ + Nyy’) 

The equation to the straight lines joining the point 4 to 
the intersection of these tangents with BC is obtained by 
putting a=0 in this equation, and is thus 

MB (La + Ny?)~ 2M By By + Ny (La + MB) =0 

The similar pair of straight lines for the second conic are 
MB? (La? + Nyy") 2M, N, By By + Ny? (La? + MB") =0 

sie 

If the four tangents form harmonic pencil (the tangents 
to the first conics being conjugates pa atts the tangents 
to the second), #0 also do there two pairs of straight lines, 
and hence, by Art. 61, 

MN, (La? + Ny?) (Ly0'* + MB) 
+ MW (Ly0" + Niy") (La! + MB") = 2MN M,N, By”. 

Hence the loous of (a’, f’, 7’) is the conic 

LL, (MN, + MW) ob + MM, (NL, + N,L) B 
+ NW, (LM, + I4M) 7 = 0, 
which has the triangle of reference as a self-conjugate conic, 

‘This conic is known ag the Harmonic Locus, and is often 
denoted by F = 0. 
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144, 70 shew that the envelope of a line whowe points of 
intersection with two given conics form a harmonic range 
(the two points of intersection with each conic being conju- 
gates) is @ conic having a common self-conjugate triangle 
with the given conics, 

‘The conics being 

La! + MBt+ Ny? =0 and Lat+ MB + Nyy = 0, 
the equation to the straight lines joining the intersections 
of the first conic with the ticaight line 
la + mB + ny=0 (1) 
to the point A of the triangle of reference is 
L (mB + my) + (MB + Wy) = 0, 
fe, (Lint + MP) B+ 2Lmn By + (Lnt+ NP) 7 = 0, 
So, for the second conic, the corresponding equation is 
(Lym? + MP) B+ 2L,mnBy + (Lyn* + 0) 9° =0. 

‘Those form a harmonic pencil if (Art. 61) 

(lm! + Mt) (Lyn? ,P) 

+ (Lym! + MP) (Dnt + NP) = 2LL, men, 








ie if 
D (MN, + M,N) +m? (WL, + NL) +n (LM, + L, as 

Bat (Art, 94) the envelope of the straight lino (1) with 

the condition (2) is 
ead ieee ee era 
. MY,+ MN” NL, + NL LM, + ‘ 

This conic is known as the Harmonic Envelope, and is 
often denoted by F" = 0. 

115, Similarly, if wo proceed, as in the two secrow 
articles, to find the Harmonic Locus and Harmonic Envelope 
for the conics given by the general equations 

Saat + BB" + oy + BfBy + 2oya + Mhap =0, 
and’ 3a/a!+ bi + 04? + 9 By + 2g'ya+ Wap = 0, 
wo should obtain for the harmonic locus 

F2(B0'+ BO-2FP) a+... +. 

$2 (QH'+ G'H—AF'— A'F) By +. =0, 
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where 4, B, ..., 4’, BY, ... have the same moaning as in 
Art, 72, and for the tangential equation ® of the harmonic 
envelope we should have 


OE (bo + U0- Of) P+ tin 
+2(gh' + 9/h-af"-a'f) mnt... +..=0, 
from which the point ig ovate F'=0 of the harmonio 


envelope could be found, The work is however very heavy, 
and the results are only put here for reference, 


Mx, 1. If both § and 8’ touch a given line at « given point, shew 
Nhat the iscsdle lves tad aaiooteda ernie eee te ce 
Tine at the same point, 


‘Bx. 2, When two conios have contact of the third order, the 
harmonio locus and harmonio envelope coincide, 


‘Take the angular point C of the triangle of reference as the point 
Pipierlesaperl panel BY Sad uate plsr et By an 
the oonies are aat+ b+ Ipya=0, and a's! +0p"+2pya=0, The two 
loci are given by (a-+a') a+ 266" + 4gya=0, i.e, by 8 +8'=0,] 


Bx. 8. Show that the harmonic loous and barmonio envelope of 
the conics Ay = ka? and By=k, a? are By=ra" and y=sa!, where r and 
4 are the harmonic and arithmetic means between k and k,. 

Bx. 4. Shew that if 8,4;s=-1, then for any two of the conics 
y= hat, ya= hf, and a8 yy’, the harmonio loons and harmonic 


‘envelope are the third of the conics, [Three such conics are called a 
harmonic system.) 














116. Tangential equation to the common points of 
Se Lat + MB + Ny=0 and 8 = Lat + MB + N,y'=0. 

‘We want the condition that the straight line 

la + mB + ny=0 

may pass through the intersections of and 4, 

Solving S=0 and $’=0 for a, B, y we seo that the 
condition is 

tl /MN,-W,N +m /NT,-NLtn VIM,-LM=0, 
ha, 

1 (MM, — My WYP a ton 

— Qn? (NL, WL) (Lilt, ~ Ly, Mf) =. 
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ie, 
[P (BEN, + MLN) +m (202, +L) + 08 (Ll, + L,M)) 
AU MN MW + ose ove + Amt Mt DL, (MLM + GN) + ont oe 
24 (CMY + mI NL +8 LM) (OH, W, + mM, Ly +08 LM), 
he, o= 43%, 
where % = 0, 3’ =0 are the tangential equations to the two 
conics, and @ = 0 is the tangential equation to their harmonic 
envelope, [Art. 114, equation (2). 

Again the tangents at the common pointe of § and 5° are 

+L \(HN,= WY) 0 MNT ML) 8 

tN VL 





and 
+L,\(UN, =H) 0M, VWI, NB 
+N,VEM,-L,M)7=0. 
The coefficients of a, 8, y in each of these equations 
satisfy the equation 
0 20(MN,+M,N)+...4..=0, 
‘ie. the line coordinates of these eight common tangents all 
satisfy the tangential equation of the harmonic envelope, 
Hence Ths eight common tangents at the four common 
points of two conics all touch another conic which is the 
‘harmonic envelope of the two conics, 
117. Equation to the common tangents to the conics 
Ss Le + MB + N= 0 and S's La + MB + Nyy =0. 
‘The two conics are touched by la +mp + ny=0 if 
Dom nt Com ws 
Ltaty? and Remo 





80 that 
tt = tm 
TL,(MN,-H,N) VM, (NL, 5,2) 
in 
YNN,(0M,—L,M)" 
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and the common tangents are therefore 


+0NZTL,(UN,— M,N) + B JHA (NL, = WD) 
4 £7 /5¥, (EM LM) =0, 
46, 
a ZL (MN,— MN) to 

= 9fy) MM, WN, (NL,—N,L) (LM, —,M) -...-...=0, 





[atLL, (MN, + M27) + BM, (WL, + ¥,L) 
+ PWN (LM, + by) 
= dot LAL MM NW, + 0+. 
+ ALD, MM, NN, (MN, + My) Bf + oe 
=4L1,MM, NN, (Lat + MB + Ny?) (Lyo° + M, BF +V,7), 
ie F’=44a'65, 


where A, A’ are the discriminants of J and S' and F = 0 is 
the equation to their harmonic locus. [Art. 113,] 

Also the points of contact of the common tangents with 
S are easily seen to be 


ef Beum- any, +/Barn—10, 


+ / Bam, 
and those for S' are 


sofa, 2,/Fon-mo, 


4/F a-ha 


‘Theso all clearly lie on the conic 
UAE ILI DS CAE Cy 4 
+ NN, (LM, + L,M)y =0. 
Hence The eight points of contact of the common tangents 
to to conica lie on another conic which is the harmonic 
locus of the t100 conics. 
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118. 7o find the locus of a point the tas which 
rae deia peace Ad reds pil diz 

With the notation of Art. 113, if the straight lines (1) 
and (2) are respectively 

(8=P.y) (B-Piy) =0, and (8 - pry) (B-py) = 0 
walate (po=P))(Pe-P) _ 
(Ps~ ps) (Pr - Pa) 


el ee (pi-Ps) (Pi- 0) 


X41 pps + Spams - (21 + Ps) (e+ PO)’ 


80 that 


> 


Now 
(p,— 7.) = (Pit Pa) —4PiPy 
_ MUCH! By? 4ULN (La + Ny) (La + MB) 
WP (la + Wy 





_ -4LMNo". 8 
~ ME (La + Wy")? 
and similarly for (p,-p,)*. 
Hence 
A-1_ a? JI6LMNS. L, MNS" 
N41” 20" (LL, (UN, + WY) a+. + .)’ 
after some reduction, é,¢. 
(34) r= zac a, 88'= 40088 
is the equation to the required locus, 

Cor. If =~ 1, 80 that the cross-ratio is harmonic, the 
locus reduces as before to F=0. 

IfA=1, then, as in Art. 8, the tangents drawn to one of 
the conics coincide, and tho locus reduces to the conics 
themselves, 

If A=0, the tangent drawn to one of the conics must 
coincide with one of those drawn to the other conic, and 
the point from which they are drawn must lie on one of the 
common tangenta. Hence the locus reduces to F* = 44'S", 
which we have already seen to be the equation to the four 
common tangents, 
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Constant Cross-Ratio Property of Conios. 

119. o shew that the oroas-ratio of the linea joining any 
variable point of a conic to four fixed points on it is constant ; 
and that four fixed tangents cut any fifth tangent in a 
whove crose-ratio is constant, and equal to that subtended by 
the points of contact of the four fixed tangents at any point 
of the conic, 

Tako as triangle of reference any two tangenta AB, AC 
to the conic and their chord of contact BC, so that its 
equation is 

By = kat. 

Tet the fixed points be “4,” 4,” 
lot any other point be 4." 

‘The line joining “¢” and “#,” is 

ak(¢+4)—Bth—yk=0, (Art, 100) 
ie. (y—at) k= t, (ak— Bt), 
So the other three lines are 
(y~a!) k= (ak—Bi), 
(y~al)k=6 (aks), 
ond (ya!) k= 4 (ak-) 
By Art, 63 their cross-ratio 
— (4-4) (4-4) 
(4-4) (4-4)! 
and is thus the same for all values of “¢.” 


‘The tangent at “4,” is 
Yak, — Bt) — yk = 0, 
and that at ¢” is 
akt ptt - yk =0. 
Hence the line joining their point of intersection to the 
angular point C of the triangle of reference is 
ak (b - t) = B (4-4), 
he Yak — Bt 4B, 
‘The corresponding lines for the other three tangents aro 
Qok- B= hB, 2ak- t= t4B, and Yok- ft= tp. 





” and “4,” and 


4y 
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By Art. 63 their cross-ratio 


(a= 4) = 4), 
(4-4) (4-4) 
and this by the foregoing is the cross-ratio of the pencil 
subtended at any point of the conic by the pointa of contact 
of the four fixed tangents, 


Cor, If wo take two of the fixed points as the points 
B,C of the triangle of referonce then #, = 0, =o, and the 
cross rato of the penil subtended becomes. 

, 

Bx. Dedae Pans Theorem fom the crower propery of or 

[With the notation of Art. 105 let 4B moot CD in 8 and BC 
meet DE in T. Then 4 ODFB)=K (CDPB). Hence, considering 
the transversals CD and CB of the pencils, (CDRS)=(CTQB), 
«'s P(CDRS3)=P (CTQB), ie. P(CDRB)=P(CDQB), Hence PR 
‘and PQ must be the same ray, so that POR is « straight line.) 





EXAMPLES. 

1, If the pencil subtended by four points B, P, 0, Q at any point 
ot hie conte asing Soagh thea is anal doen et BO Gal PQ 
are conjugate with regard to the conio, [If the triangle of ref 
eBC and the langenta 4B, AC at B and O, then, by Oo. Ark. 119, 
P is the point “f," and Q the point ‘—f." ‘The equation to the line 

h thom then becomes Aly'=hy, which passes through 4, the 
pole of BC. Hence to.) 


2, From the foous and direotrix property of  conio deduce the 
constant cross-ratio property of four points on a onic. 

[Il 4, B, ©, D aro the fixed points and the lines joining them to 
any point P meet the direotris in a, b, c,d, then 


LbSa LaSP- LbSPm MP -} LASP-90°+4 LBSP=} LASB=S, 
s P(ABCD) = (abed) = 5 (abed) = ote.) 


3, By taking two of the four fixed points in the theorem of Art, 119 
o ‘ha cesar points at infinity, deduce that the angle in any segment 
of a oirle is constant, 

Bhew that the loous of point P, such that the straight lines join. 

Mrre lar points of the triangle of reference and to fey 

ot (x, f'-7) form a ponell of constant cross ratio equal to - k, in 


Pra! = ya (k-+1) B+ 0Bhy/=0, 
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5, IB, P, 0, Qare four points on a conic, and 4 ia the pole of BC, 
shew that the crose-ratio of the pencil 4 (BPCQ) in the square of the 
peneil subtended by B, P, C, @ at any point of the conic, [Take ABC 
As the triangle of reference, } 


6, Shew that one of the cross-ratios of the pencil joining any point 
of the conio 
B+AS' maz? + by*+ca*+d (ai 22+ b'y* +024) =0 


to the four points given by #=0 and $’=0 is Ba a 





explain the result when \ has either of the values 





4, Tes forsee PO, OR RE, BF of a Gore touch ave 
and p, sre the m P,Q, R, 8 upon i 
. Wie cule; abew Wak pris igs, where his Soomatach, 
[Use the second part of Art, 119.] 
8, Apply the harmonie of four points on a conia to shew 
that the intercept made by the asymptotes of a hyperbola on any 
tangent is biseoted at the point of contact, 


o have 0 (PQNA)=9" (POM), where P, Q are any two points on 
darn Othe ore erally pebtpterst 
tation for pencils by the cross-ratios for the corresponding ranges on 
the two asymptotes,] 


Homographic Ranges on Conic Sections. 
120, If on a conic we have two ranges of points 
P,Q, B38, ond P,Q, Ry ’ 
such that the cross-ratio of the pencil subtended at any 
int O of the conic by any four points of the first range 
is equal to the cross-ratio of the pencil subtended at 0 by 
the corresponding four points of the second range, then the 
two ranges of points are said to be Homographic, 
Taking the notation of Art. 119, we have shewn that if 
P, Q, By 8 be the points 4, 4, 4) ¢, and P', Q’, RS" the 
ints 4, tf, (, the cross-ratio of the pencil subtended 
these two seta of four points at any point of the conic 
are the same if E 
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where K, L, M, N contain only th, ty 6, 4’ and not 
tor ty. 

Hence, if $ and S' are any two points of the homographic 
ranges given by P, Q, Rand P,Q, R’ the relation between 
their parameters must be given by an equation of theform (1). 

Just as in Art, 17, the equation (1) is the most Cele 
rational algebraic relation between the parameters of Sand S’ 
to ensure that to each point of the first range there is one, 
‘and one only, point .S’ of the second range, and that to each 
point $’ of the second range there is one, and one only, point 
S of the first range, i.e. to ensure that there is a one-one 
correspondence, 

Tt is easy to prove, by help of Art. 119, that, as in Art. 18, 
two ranges of points on the conic By =ka®, the parameters 
of whose corresponding points are connected by an equation 


of the form 
Kel + Li+ Mt'+N=0 .... (2) 
‘are homographic. 

There will be double points on the two ranges, ie, points 
each of which corresponds to itself, if =, and hence the 
double points are given by the equation 

Ke+(L+M)t+N=0..... (3). 
Hence there are two double points, which are real, coincident, 
or imaginary. : 

121, Simplification when the double points are real. 

In this case take the points B and ( of the triangle of 
reference as the two double points. As in Art. 101 we havo 
eon that, for B, ¢=0, and, for C, ¢= a. The equation (3) 
is then satisfied by the two values ¢= 0 und ¢= , 80 that 
K=0and N=0. The relation (2) then becomes 


L 
faagt=M 
where A is a constant. 

Hence in the conic By = ka! the relation between the para- 
eters of the corresponding points of two homographic ranges, 
whose double points are the angular points, B and O, of the 
triangle of reference, reduces to the form t = Nt, 
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122, Two homographic ranges P,Q, R,... and P,Q’, R,... 
are taken on a conic ; the locus of the pointe of interection 
of all such pairs as PQ’ and PQ, joining two pairs of 
correaponding points, ia the straight line joining the double 
points of the two ranges, and the envelope of the line joining 
any two corresponding pointe, such as P and P’, of the ranges 
is a conic having double contact with the given one, 

Let B and C be the double pointe of the ranges, and let 
the tangents at Band C mect in A. With A/C as the 
triangle of reference, the equation to the conic is 

By= he’, 
As in the last article the relations between the parameters 


of corresponding rire of the two ranges is now ¢’ =A, 
where A is some constan| 


If P,Q, B, ... are he 70 ints 6, ty” Sty? 
P,Q, & the points “ty,” “ Fog ete the eyestion re 
PQ is 


ak (t,+ ty) ~ Bly — yk = 0, 
he, ak (h +N) ~ BA —yk= 0. 
So that of P’Q is 

ak (+ Ah) — Bt - yk = 0. 

‘These clearly meet on the line a=0, which is the line 
joining the double pointa, It is called the homographic 
or cross-axis of the homography. 

Again the equation to PP’ is 

ak (by + 6) — Bit’ —yk = 0, 
ie, ak (A+ 1)(~ BM? yk=0, 
the envelope of which Is fy = ae 





a’, « conic having 
double contact with the given one Ky the double points, 


123, Without using the double points of the ranges 
(which are ofton imaginary) as two of the angular points of 
the triangle of reference, we can somewhat simplify the 
work by taking one point of the first range as B and the 
corresponding point as C. 

‘The general relation Kit’ + Lt+ Mt’ +N =0 ie then satis- 

I 
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fied by ¢=0 (for the point B) and ¢’ =< (for the point C), 
‘Hence in this case M=0, and the general relation connecting 
pairs of corresponding points becomes 
KU + Ltt N=O sesessssreesseeen (I) 
.. Of the first range are the points 
snd P’,Q’, 2’, ..., the corresponding points 
of the second range, are the points t/,” 4," #4,"..., the 
equation of PQ is 
~ hah +h) + Baty + yk=0, 
tie, by relation (1), 
ha[ Kt Lt, NW) +B (Lh +.Nt,)—ykKt,=0. 
So the equation to PQ is 
ha [Ktt,— Lt, - W] + B [Lit + Wt] —yk Xt, =0. 
On subtraction, we see that they meet on the line 
‘ kla+ NB+kKy=0.... 
Now the double points are from (1) given by 
Ké + Lt+N=0, 
= Ke equation of the line joining them is easily seen to 
‘The required locus of cross intersections is therefore, as 
before, seen to be the line joining the double points (real or 
imaginary) of the two ranges. 
Again the equation of P/’ is 
= ka (hy +t)) + Bit! +yh= 0, 
ive, from (1) 


£8 (kKa+ LB) -b (kla—NB+kKy)-kNa=0, 
and its envelope is therefore 
(bla — Np + kKy)? =~ 4kNa (kKa + LB), 
ie, (ka + NB + hy)? = ARK (Ay ~ het), 
tie. a conic having double contact with the given one at 
the (real or imaginary) double points of the ranges, 

194. If P,Q, R,... and P,Q, R, ... are the two sets 
of homographic points, we have shewn that. the inter. 
sections of PQ and ”0, QR’ and Q'R, RP’ and RP lio on 
1 straight line, But this straight line is the Pascal line of 


It P,Q 2B 
Hy PEA 
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the hexagon PQ’RP'QR, Hence the double points of the 
system of homographio points lie on the Pascal line of one of 
ar spot fe Form by thro point of one range 


‘and the three corresponding points on the other range. 


125. Construction of homographie ranges on a conic, 

Tust a8 in Art, 22, two nots of three points P, Q, R and 
P,Q, B, all lying on the conic, are required to determine 
two homographic ranges, When these are given we can 
ensily determine as many points as we please. For Mel PQ 
and PQ to meet in U, and QA’ and Q'R to meet in V. Then 
TV is the homographic, or cross. exis of the two ranges. If 
UY meets the conic in real points, they are the double points 
of the ranges, If UV does not meet the conic in real points, 
the double points are imaginary. 

‘To construct the point on the second range corresponding 
to any point X on the conic belonging to the first range. 
Join P'X to meet the homographio. axis UF in W and let PY 
meet the conic in X', Then X’ is the required point which 
corresponds to X. So any number of pairs of points, such 
as X and X’, may be found, 


126, Construetionof double points on co-azal homographio 





ranges. 

Lat the co-axal ranges be A, B, Q, ...)4', B,C... Draw 
any convenient circle, or conic, and join any point X of this 
circle to the above points meeting the circle in P, Q, R, ...» 
P, QR, .... Construct the homographic axis as before, and 
let it meet the circle in 0 and 0, so that KO and XO’ are 
the double rays of the pencils subtended by the ranges 
P,Q Ry ory PQs. Then KO and KO’ produced meet 
the original axis of the ranges A, B,C, ...and 4’, B,C’, ... 
in the required double points of these two ranges. 

It we construct X, X’ as in the last article then AX, 
KX’ will meet the original axis in corresponding points of 
the two homographic ranges. 

127. Two homographic sete of tangente p, gr)» and 
Pi), «are taken for a conic; the line joining the inter- 
section of p and q' to the intersection of p' and 9 passes 
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through the point of intersection of the double tangents, and 
the locus of the point of intersection of any t100 corresponding 
tangents, p and p', is a conic having double contact with the 
given one, 

Take the double tangents as the sides AB, AC of the 
triangle of roferenco and their pointe of contact aa B and O, 
Then as in Art. 121 the parameters of the points of contact 
al two corresponding tangents are connected by a relation 

=M 
If the points of contact of the tangenta p, gr, .. are 
6." t," by,” ... and those of p’, 9’, 9, ... are “t/,” “ti,” 
“4.” ... the equation of the tangent p is 

~ 2akt, + B+ yk = 0, 
and that of the tangent q’ is 
Dake; + Bly + yk =0. 
‘Their intersection is given by 
a 





y 





Dey a a 
j A 
a pg a ag 
So the interseotion of p’ and q is given by 
a i ie 
+a 2k Dh” 
B 


‘These intersootions lie on 5 = ea which passes through 4, 
the point of intersection of the double tangents, 
Again the tangents at P and P’ meet where 
A Ee 
ryt) Sai TM 


i peeateia ste 
ia where acne ae 
0 that they mest on the conic y= —¢*.. «8 » conte having 





Cea) 
double contact with the given one at the points of contact 
of the double tangents, 
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198. Maclaurin’s Theorem. // the three sides of « 
triangle pass through fixed points, and the ends of ite base 
move on two fixed straight lines, then the locus of ite vertex 
is a conic, 

Let tho two straight lines be OL and OM, and the three 
fixed points 4, 2, and C (seo the figuro on the noxt page). 
‘Through 4 draw a straight line QAR to meet OL, V. 
Q, R; let Q#, RC meet in P, We want tho locus of P. 

Different positions of P being P,, Py, 2s, Py, we have 

B(P,PaPsP,) = (QsQaQaQ,) = A (0,043) = (Ri aR, R,) 
=O(P,P,PyPy 
so that BP and CP give corresponding rays of homographic 
pencils, 

‘Therefore, as in Art, 25, the locus of P is a conic passing 
through B and C, Tt also passes through 0; for one position 
of the line BAQ is when the latter passes through 0; in this 
caso 2, Q coincide at ( and the corresponding lines QB, KC 
moet at 0, and therefore 0 is one point on the locus. Again, 
by taking AC as one position of the line through , we see 
that the loous passes through the intersection of AC and OL; 
and similarly through the intersection of AB and Odf. 

Cor. For the fixed point A could be substituted a conic, 
touching the two fixed lines, which the base Q2 must touch, 

129, An analytical proof is quite oasy; for let the tri- 
angle ABC be the triangle of reference and the equations to 
OL, OM be ha+mB+ny=0 and La+m,B+ny=0, If 
the equation to Qaik is B= Ay, the equations to BQ and CR 
are fa+mAy+ny=0 and A(j,a+m,8) +n,8 =0. 

Eliminating 4, we have for the locus of P 

(ha + my) (ha + m,B) = mn,By, 
‘a conic which clearly passes through B, C and 0, It also 
passes through the intersection of OL and AC, and through 
the intersection of OM and 4B. 

180. From Maclaurin’s theorem we have an easy way 
of drawing a conio through five points 0, B, C, Py, Py. 

‘Through O draw any two convenient lines OL and OM. 
Let P,B and P,C meet OL, OM in Q, and R,; also let /,B 
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and P,C meet them in Q, and Ry; draw Q,R, and QR, 
meeting in 4. 





Then, by Maclaurin’s theorem, any triangle with its sides 
passing through 4, 2, C' and its base angles moving on OL, 
OM will have for the locus of its vertex a conic through 
B,C, P,, P,, and Q. To draw it take any point Q on OL; let 
QA meet OM in R; then the point of intersection of QB and 
RC will give a point P on the conic required. By taking suc- 
cessive points Q we can obtain as many points P as we wish. 

The student will see after a Jittle practice that many of 
these lines need not be drawn, For each point @ he can by 
means of @ ruler through mark the corresponding point 
R, and then by means of placing the ruler consecutively 
through , C and Q, B he need only make two short pencil 
marks crossing at P. 

Af it were found to be convenient for the drawing, the lines 
1, OM could be taken to pass through P, and P,, 


131. Newton’s theorem for generating conics, 
Uf t00 angles of yiven magnitude turn about fixed vertices, 
0, and 04, and if two of their legs intersect on a fixed straight 
ine, the locus of the intersection of their other two legs in a 
conic section passing through the two fixed vertices, 

Let 0,P, 0,P be the legs which intersect in a point P, 
lying on the fixed straight line; and 0,Q, 0,Q the other 
legs. If P,, Py, P;, P,are different positions of P, then, since 
P,0,Q;, P,Q, ote, are constant angles, we have 

9, (010105) = O1 (PPP, Py) = (Py Py PsP) 
=0,(P, PyP,P,) = 0,(Q1 01010). 
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0,Q and 0,@ are thus corresponding rays of homogea 
pencils 80 that, by Art. 25, the locus of @ is a conic passing 
through 0, and O,. 


Cor. If tho point P, the intersection of the legs, lies on 
conic which passes through 0, and Q,, there is still a one- 
one correspondence bet ween 0,@ and 0,@, and the locus of 
Q is another conic through 0, and 0,, 


103. Mx. 1, Incribe a triangle in a given conic whose sides pase 
through three given points K, L, and M, 

‘Take any point P, on the conio; join P,X and let it moot the conic 
in Q,; join Q, 1 and let it meot the conie in R,; join Ry AM and let it 
moet the conic in Pj’, Tn general P, will not coineide with P,,; if it 
dots the problem is solved; it st does not, take two other points Py, 
P; on the conic, perform the same constructions as in the case of 
‘and obtain the corresponding points P,’, Py’. ‘Then P, and Fy’ have an 
algebraic one-one correspondence and 0 havo P,, Py and also Ps, 2. 

P,, Py, Pyand Py, P;’, Py determine two homographio ranges. 
ographio axis by the construction of Art, 122 and let 
it meet the conie in 0; and 0. If 0, and O, are real, we shall obtain 
the triangle required, by starting with either of them and performing 
the construction above, 
‘The method here used is known as that of False Fosition. 


Bx. 2. Ic triangle be inscribed in a given conic, two of whose sides 








pass through given points K and L, find the envelope of the third vie, 
As in the last example the ranges P,, P,, P,, ... and the ranges 
on re hom 5; henod by Aiki, the envelope ot 


Ry Ry a 

teat PR, is Reems double contact with the given 
sevglalrak peed pred of hahaa hygeany Py, Py Py 
tnd, Ry, Ry and these double points wil be where XL meet the 
conie, 


Bx. 8. If «polygon be inscribed in a conic and if all ite sides but 
one pass through given pointe, the envelope of that one side with be a 
conic having double contact with the given one, 

Let P, P,...P, be one such polygon, If P, be taken arbitrarily the 
line joining it Yo the fret fixed point gives P, uniquely; the line 
Joining F to the second fixed point gives P, uniquely, and vo on, 

thus fe waiguely deteraine), by an algal relation, when B, 
is given. The different positions of P,, via, Q,, Ry, .... and the corre. 
teenog potion of Fy iQ Ry. teetering homo- 
graphic ranges, and, by Art. 122, welope of the line joining 
‘correspon te, mnvelope of the remaining side of the 
polreen, is @ conic having double contact with the given one at the 

points of the homography, 
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EXAMPLES. 


1, Two setien of rays connecting two fixed pointe on s conio to a 
variable point of oonlo ara homograpbie, 


2, If through » fixed point A are drawn lines AP,Py, AQiQy, 10 
rmoet a conia in Pr, Ps, Gy. Oy .., then the range P\Q,R,.. 18 always 
hhomographio withthe range P,Q,2.. 


8, Two corresponding points of homographio ere ‘on & conic, 
together with the double points of the ranges, subtend at any point of 
the conio a peneil of constant eross-ratio, 


4, The polo of the line joiving the double points of » homography 

on & oonie in joined to any pair of corresponding points of the homo- 

geepbyi shew that thew Foes nnd the Lines from the pole 10 the 
le points form a pencil of constant cross-ratio, 

5, Tro Sand points 0, Oa joined to any point @ ons anne and 
meet the conio again in P and P’; shew that the ranges described by 
P rand P’ are homographic, and that their double points are at the 
interseotions of 00" with the conic. 


6, Two conies touch each other at B and C; the straight lines 
joining B, C to any point of one conic meet the other conie in P, 
‘thew that the envelope of PQ is a conic having double contact with 
the two given conics at B and C, 


7, Tnsoribe in a triangle a second triangle whose sides pass through 
three given points, 

8, Insoribe ins cone » polygon all of whose sides pass through 
given points, (This is an extension of Art, 182, Ex, 1.] 

, Prove the correlative of Maclanrin's Theorem, viz. If the three 
verlioes P, Q, and R of a triangle move on fixed straight lines 0, C4 
and 4B, and if two of its sides, PQ and PR, pase ‘ough two fixed 
points § and 1, then the envelope of the third side is a conio, Show 
Also that this conie touches the straight lines 4B, 40, BS, CT and 
ST, [This theorem can be extended to any polygon.) 

10, Cireumsoribe a triangle to a given conie, so that its vertices 
smay lio on three given straight lines. 


|. If & polygon be circumscribed to  conio, and all the augular 
Aes cn eats n given straight lines, the loots of that angular 
poiat is conic, 


The sides of fixed points, and all the 
veldion but one le os 2 zed conic; shew tha tho tooo of the 
remaining vertex is a conio passing through two of the fixed pointe, 


18, If tho idea of « polygon pass through fixed points, and all the 
‘angular points but one lie on fixed straight lines, fanart rar 
of that angular point is conic. 
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Involution ranges on a Conic. 


133, Involution ranges on a conic are homographic 
ranges, such that to every point P corresponds the same 
pey P*, whether P belongs to the first range or the second, 

ust asin Art, 28, we see that this can only be the case if 
in the fundamental relation of Art. 120 we ited L=M, 

With the equation of the conic in the form By= kat, the 


+ parameters of any two mates in an involution are therefore 
given by 





Kt +L (t+t)+¥=0. 
‘The double points are given by 
Ke + 21t+ N=0. 


Tn the case when the double points are real and are taken 
as the angular points 8 and C of the triangle of reference, 
we see, as in Art, 121, that K=0 and V=0, and the relation 
between ¢ and ¢’ becomes ¢’ = - ¢, 

Or again, if we take the points B and C of the triangle 
of reference as two mates in the involution range, the 
fundamental relation is satisfied by ¢=0 and ¢ =a, Heneo 
in this case Z=0, and the relation reduces to 

N 
t= x= a 

134. If Pand P, Qand Q, Rand RP, ... are mates in 
an involution range on a conic, the locus of the interseation 
of all such pairs as PQ) and P’Q is the straight line joining 
the double points of the involution ; and the lines joining 
pairs of mates, such as PP’, QQ’, 
point whioh is the pole of the tine j 
of the involution, 

Take B and (as two mates in the involution so that, as 
in tho last article, the fundamental relation is ¢¢’ = A. 


TEP, QR, the points 4," 4,” “t,,”...and P,Q’, 
Fi. the pointa "4," "4.45". the equation to PQ” is 
~ ak (+f) + Bhd + 7k=0, 

he, = ak (t;ty +A) + Bh A+ yk, =0, 
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and that to P’Q is 
~ ak (byt +) + BGA+ yk, = 0. 
By subtraction, wo see that these meet on the straight line 
BA-yk=0. 

Now the parameters of the double points aro /X and 

~/X, and the equation of the line joining them is thus 
BA-yk=0, 

so that PQ’ and PQ meet on the line joining the double 

points. This line is called the Axis of the Involution. 

Again the equation to P2” is 

~ ak (hy +h!) + Bit! + yk=0, 
ie. — ak (4+) + BMt, + ykty=0. 
‘This clearly passes through the point (0, —A, 4) which is 
the pole of the line joining the double points, ‘This point is 
called the Pole of the Involution. 

‘Again the equation to PQ is 

—ak (t, +t) + Bt + yk=0, 
and that to PQ’ is 

= ak(t' +t!) + Bh't’ + yk=0, 
ie, ak (t, +6) + BX*+ yhhyty =0. 
"These clearly meet on the line A — yk =0, ie. the Axis of 
Tuvolution. 

Hence the Axis of Involution is easily found when any 
two pairs of mates P and P’, Q and Q, are given; for it 
passes through the meet of PQ’ and /”@, and through the 
meet of PQ and PY. 


135. Conversely, 1/,from any point A we draw straight 
Tinea to meet the conic in P and PQ and Q, Rand R,... 
we determine an involution range of which the points of con- 
tact of the tangents from A to the conic are the (real or 
imaginary) double points, 

‘Also given two paitw of points of an involution range on 
aconic, Pand P’, Q and Q, we can easily determine as man} 
more points of the range as we wish. For let PP’ meet rd 
in A, 80 that A is the pole of the involution; then the mate 
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of any other point R on the conic is the second point R’ in 
which AX meets the conic, 

136. If we assume that the double points of the involu- 
tion are real, and take them for the points B and C of the 
triangle of reference, the work is simplified, 

For P and /” are now the points “4” and “— 6” and Q, Q 
are “4” and “—4.” The equations to PQ’ and /’Q are 
—ka (t,~ 4) ~ Bht,+ yk= 0 and — ka (—h + 4) ~ Bhi + yk=0, 
which clearly meet on ie, on BC, 

‘The equation to PP” is Bt?—yk=0, which passes through 
rt jepson erg hk 

ha (+4) +Bhh+yk=0, and a (h +4) + Bit, + yk=0, 
which also meet on BC, 


EXAMPLES, 
|. A system of parallel lines meets a conic in pairs of points in 
lation [ln Art. 185 take the ent deiatsi) uae 

9, The double points of an involution range on a conio, and any 
pairs of mates in the involution, subtend « harmonio pencil at any 
point on the conic. 

43, The points of contact of pair of tangents to conic from points 
Tying on a given straight line determine sn involution range on the 
ooole and the tangent themselves determine an involution range on 
any tangent to the conic. 

{The chords of contact pass through a fixed point, via. the pole of 
the given line; hence, by Art, 135, they determine an involution 
range on the conic.) 

4, If 0is « point on a conic, and chords PP’, QQ, ... subtend right 
stint 0 ers aad pone rma 0 
[The Frégior Point; see Ex. Art, 404, Part 1.) 

[OP and OP, 09 and 0Q,... are ® pencil in involution and hence 
detormine an involution range on the conis. Hence (Art. 194) PP*, 
QQ’, ... meet in a point 0’. If P coincides with 0, then P* is at the 
other end of the normal through 0, and hence 0’ must lie on the 
normal.) 

5,, If, in the previous example, OP and OP’ oto, ara inlined 
ti bral he ne pags al on 








6, P and P’ are fixed points on s given conic; from P and P’ pairs 
of tangents are drawn to any confocal conic and they out the given 
onio in Q, Rand q’, 1; shew that the locus of the intersection of 
QR and Q/R' in couie, [Use the previous example and Art. 25.] 
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‘Homographic plane figures. 

137. Two plane figures, in different planes or the same 

Jane, are said to be homographic if to each point of either 

re there corresponds one, and one only, point of the other 

figure, and if, in addition, to points on a straight line in the 

first figure correspond points on a straight line in the second 

figure. The relation between the two figures is called an 
homography. 

Let (z, y) be the coordinates of a point of the first figure 
referred to any axes in the first plane, and (2, y’) the co- 
ordinates of the corresponding point in the second figure, 
‘Then if there ia a one-one correspondence the most general 
rational algebraic relation between them is of the form 

gantthyte Pi brbales Be) 
at hy te)” aetby to 

Tf to points on a straight line are to correspond points on 
a straight line then, cor nding to # relation of the form 
lad + my! +n = 0, we must le 6 linear relation between 7 
and y. But, on substituting the above values, wo do not in 
general obtain a linear relation unless the denominators in 
the values of 2’, »/ are the same, or one is a constant multiplier 
of the other. In either case we have 

anethy ne ca pn eres 
arepy (erihee lariery weed Ci). 
‘Theso values, on being substituted in the relation 
la’ + my +n=0, 
give a linear relation between 2 and y, 
On solving for and y, we obtain 
sew & (Oate=byer) + (byes — bits) + (bre = byes) 
a (aby = a4b,) + ¥ (ay, = by) + (4 ) 
and 
Me 1 (64ty~ oye) + y! (C50 ~ 0104) + (0,04 ~ c9) 
a (dyby = Oba) + yf (@aby ~ Obs) + (tmb,= 40)" 
The transformation from the second figure to the first is 


therefore by relations of the same type as that from the first 
figure to the second, 
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If 4,, By, C,,... are the cofactors of a, 0, ¢) .. in the 
determinant 

%, by % 
Oy dy 


My by 
At! + Ayy’ +4, _ Pitt + Bay’ + By 
ten = ore C, 8 Yaa Oy +O, 

The vanishing line in the first figure, 4.e, the line corre- 
sponding to the line at infinity in the second figure, is 

aye + by + c,=0 
and the vanishing line in the second tigure is 
a (ab, ~ aby) + y/ (2b, ~ ayb,) + (00, ~ 04b,) = 0. 

138. Any four points of the first figure, no three of which 
are in the same straight line, and four similar points of the 
second figure determine an homology of the abovekind. For 
‘wo should then have eight linear relations to determine the 
eight ratios between the nine quantities 

Ay Dry yay bay Cay Bay bys Ce 
Tt can be shewn that any four coplanar points can be 
projected into any four coplanar points in any other plane, 
rovided that no three points of either set lie on a straight 
ine, be! Hatton's Projective Geometry, Page 43, Russell's 
Pure Geometry, Page 116, or Oremona’s Projective Geometry, 
Page 80.) 
Coplanar homographic correspondence. 

139. If the two figures aro in the samo plane, we have 
the same relations between (2, y) and (2', y/) us in the 
previous article. In this case some points of one figure may 
correspond to theraselves in the other figure. These points 
are found by potting «<a and yy’ in relation (1). We 


then ol 
2 (qu + hy +o) = a2 +b,y +0, (1), 
and ¥ (dt + yy +0) = ayer + yy +0 (2), 
On eliminating y, we have a cubic for #; for each root of 
this cubic the equation (1) gives one, and one only, value 
of y. We thus have in goneral three double points, 
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The two conics (1), @) only intersect in three finite points, 
since they have the direction of one asymptote common, 
and hence have one point at infinity common. 

Mx, Two homographie coplanar 6 ch that to the points 
e903) (i, abd (1) corempond the points (0,0), (0 =I), 

|, 1), and (8, 1) respectively. Find the general relation connecting 
tho two sets of points, and shew thet the coordinates of the self-cor- 
responding points are (0, 0), (0, 8) and (7, 8), Sew also that the 
vanishing lines of the two figures aro z~y+2=0 and 2~By+8=0, 


Parametric Coordinates, 

140. We have had examples of the coordinates of a point 
on a conic being represented by functiéns of oue independent 
parameter, Some more general propositions follow, 

141. If the coordinates (2, y, 2), whether Carterian, Tri- 
linear or Areal, of a point are given by the i 

2 y 2 
P+ I +e, af + Dil +e, GP + Dt +o, 
to shew that its locus is a conic section, 

‘The straight line (z+ my +nz=0 meets the locus of the 
point where 
#(a,1-+a,m +a,n) + 2t (b,1+5,m-+ d4n) + (c,04 cm +Gn)=0. 
This gives, in general, two values of ¢. The straight line 
therefore meets the locus in two points, and hence the locus 
is a conic, 

‘The straight line will touch the curve if this equation has 
equal roots, ie. if 

(by + bym + byn)"=(ayt + aym + ayn) (0,2 + em + c3n), 
i.e, if (by —c,04) 2 + (by! — cya) m? + (b,%— ogc) n? 
+ min (2b,b,—a3¢4~ a) + 1H (2byb, ~ a0, ~ 064) 
+ lm (2b by ~ a6 ~ @0,) = 0. fi 
This is the tangential equation to the conic. The point 
equation may be found a: in Art, 73, It is ” 
a (BA 40, A,) + (By 40,4.) + 2 (Bs ~ 40,43) 
+ 2yz (By, ~21A,Cy—24,0,) + Yau (By By 2450, ~ 24,0,) 
+ ay (BB, 24,C,-24,C,) =0, 
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where 4,, B,, C,, ... are the oo-factors of a,, b,, ¢,, . in the 
determinant 

a, by G 
ty by Gy). 
% by Oy 
Or it may be found as follows; from the given equations 
we have 

(1), 


O,f + Dbyt+ c= dy. (2), 
and a0 + 2b,t+ c= As, (3). 
sueores (2), (8) by A,, 45, 45 successively and 
OM =A (Ayr + Ayy + A,2). 
So 2, =A (Bint By + By), 
and A=) (O,2+C,y + 0,2). 
2. (Byes Byy + Byz)=4 (Ayers Ary + Ags) (C+ Cyy+0,2), 
ie, 28(B)~44,0,) +... +... + 2y2[ By By—24,0,- 24,0] 
Have toe 20, 
Tf the coordinates are Cartesian, we have « qual to unity. 
Hae wiprrte piso and coordinates of the point 
‘The line joining the points ¢, and ¢, is (Art, 61) 
% 7 2 
GHP HAL HG, Bhi + Wh +e, all + Byl, + 0, 
t+ Wits ty Gah + Waly + ey, yh + BOyhy +0, 
On subtracting the constituents of the second row from 
those of the third and dividing by 4 ~¢,, it becomes 
%, h. * 
EPH Dy ty Oh! + Lbyhh + ey yh + yt, +0, 
(hth) +2, (+4) +2, Oy (hh +4) + 2b, 
ua 10 


A= 








4,04 9,t+0= de, 





=0, 








=0. 








146 COORDINATE GEOMETRY 


From the second row, multiplied by 4,+4, subtract the 
third row multiplied by ¢?, and we have 
% % * 
Bhhtalh+h) Bhhtalhth) Awhrtalh+h)|=0 
(+4) +2, ay (+h) + 2b) a5 (+t) + by 
seat 








On putting ¢,=4,, the equation of the tangent at ¢, is 
% 7 ® 
Ghtd, Ah thy ah tb, 
Oh te Datta bh +e 

So the tangent at ¢, is 


=0. 








%, % * 
yy ty ght dy ayy +d, 
hte bite bites 
‘These clearly meet at the point 
[artite +0, (t +4) + ery atte + Oy (4, +4) + C0) 

hh +b (4 +h) +4), 
ep RS of the line joining the pointe ¢, 
and 4. 

In (1), the coefficient of a is, after simplification, 

2 (ayb, — bya) t345 — (C40 ~ 049) (f+) +2 (Bue — ae), 
and so for those of y and s. 

143, To shew that the general equation of any conic can 
I ror to 0 form which cm Ba md by equations of 

form 


=0. 








« y 4 a 
GO4 D+ GP Dt GED L + Gy 

The general equation 
; aad + by + ca" + Ofye + Iga + Qhary = 0 
" * 
(ax+ hy + 92)'+ (ab—ht) y? + (ac -g!) 2 (gh—af)ye=0, 
ie. C (ax + hy +9a)8+ (Cy —Fe)' +2" (BC - F)=0, 
with the usual notation, 
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‘This equation is satisfied by 
JG (ax + hy +92) =A(1-0), 
Cy-Fa=d. 2, 
and V=(BO= F).2=X(1+0), 
On solving these, we have the values of z, y, 2 in the form 
given above, 
‘The conic whose equation is given in the form 
(ha + my +12) (hae + myy + m2) = (Ly0-+myy + nye)? 
is satisfied by 
RSEMPERs _hekwuy tse het myt ws 
il cl é } t 





and hence, on solving, wo have the ratios of a, y and as 
above, 
Numerical Example. The conic 
a+ Dy" + Sat + Dye + deme + Gay = 0 
is satisfied by 
wa—1+ 14-540, y= 24, and 2=1-10¢4 184, 
144, Shew that the cross-ratio sublended at any point of 
the conio by the points t, ty ty i 
(y= 6) (4-4) 
(4-4) (h=4)" 
Let 0 be the point where ¢=0 so that its coordinates are 
(as Cay Ca) 


Then OP, is 

%, a * 30; 
12+ 2h +04, yt 8+ Dyt, +0, 3h? + Dyt, +e, 

% cn % 


ie, 
2 (me (bs05— byey) + y (bats ~ by0,) + 2 (6,64 ~ bee,)] 
= h [2 (644 e404) + y (cya ~c44,) + 2 (0, 4~cya,)), 
and 50 for OP,, OP,, OP,. 
Hence, as in Art, 63, the cross-ratio is as stated, 
10-9 
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145. Cartesian Coordinates, 
The conic 
2 y 1 
GPr2tte, abt t+e al +200, 
has pointa at infinity given by 
Gy + 2st +e,=0 ae(1), 

and is thus an ellipse, parabola, or hyperbola according as 
bf Sac, 

From (1), the values of ¢ giving the line at infinity are such 
that 








and hence, as in Art. 142, the centre, which is the pole of 
the Tine at infty, is given a 
1 


4e- ihre 0 ~ ihre,” Heeb" 
146. Shew that the conic given by 
maa lt 2bt+o, y=ayl + Wt tc 
is a parabola, whose directriz is 
aetay= a,¢,~ 0+ 4,¢,-b7, 








@t+ant 
‘As in Art 141, the line 


letmy +n=0 wn wll) 





touches the conic if 
B (Ot — a,¢,) + m* (by! ~ 404) + Lm (2byb,~ 064 ~ 036) 
=nla, - mna,=0...(2), 

‘This equation is satisfied by 2=m = Oi ive, by the line at 
infinity, and the conic is therefore a parabola, 

IE (a, y,) be any point on (1), then w=—I2,—my,. On 
substituting this value in (2), the lines given by it areat right 
angles if the sum of the coefficients in the resulting equation 
is zero, ie, if 2, + ayy +O = 40, + bj'~a,4=0, and the 
locus of (2,, y,), ie. the directrix, is as stated. 
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If again (z,, y,) be the focus, this equation must reduce to 
P+ m?=0, and hence we have 
6, ~ Oy, = 0, ~ By ~ (904 ~ by"), 
and i, + Ys = yoy + gC, — Bb, byy 
ie (a48 + 448) (24 ~ 0) = a (b,*—0,*) — 246, by, 
and (a+ 04") (ys - 64) = a4 (6,'~ we ~4ab,bs, 
giving the coordinates of the focus, 
The perpendicular from the focus upon the directrix 
(=) +4 (Yh — # +5240) 2 (arb ab) 
(at+a)! (at+a)t 
and the latus-rectum is twice this perpendicular, 








EXAMPLES. 
LM esy sais y ey 9 dey bey 1240041, 
fnd tho tangential oqation ofthe cos, and prov that it iow parae 
ciakaneaaaeat ‘ 


2, Bhow that r= ya Fearce = Tyo Mproente o circle of 
radius 5, 
8, Find the foous and direstrix of the parabola 
raf 249, y+. 
‘ rea the foci and the direotor elrele of the conio of Art. 145, 
bolas 084-2 tay ymaat + Bh, prove hat 
Jatus rectum are 


(a,b, ay Oy, ashy) 


att a3! 

6, If¢, and ¢, are the parameters of the ends of any chord parallel 

lopaneiibopmnbaaeme? thts, y=ayt+Qbgt +cy, shew that 
Ceres peal 
-ma, 

7, Show that the ifr form in areal coordinates of the eonio 
which passes the mi ae ys DB a ho he 
feeeees ot reteenhy cetoses te vertex C, and which touches 
ae, 


omnes ae 





Qa i4 dtd (DEH) ArH (LO) ~ A+ 84 Ate, 





CHAPTER V 
TANGENTIAL COORDINATES 


147, If in the general equation to » straight line 
la + mB +ny=0 
we give to J, m, n particular values, we get a definite and 
determinate Pacey ay line. Hence |, m, » are called the 
coordinates of the line because they determine its position, 
and they are denoted by the symbol (/, m, n). 

Té there is a linear relation between these line-coordinates, 
such as la, +m, +ny,=0, where a,, By, 7, are constants, 
then the straight line passes through the point (a,, A, 7). 
Such a linear relation between the line coordinates therefore 
determines a point and is the equation to » point, 

[Thus the tangential equation of the ciroum-centre is 

1008 4 +m cos B+n 00s C=0, 
this the condition that the straight line la ‘0 should 
Fpl ene ‘ao aida outa Whe conten Zo 
(cos 4, cos B, cos C). 
Bo the tangential equations of the ortho-centre, in-cantre and centroid 
‘are respeotively 
L8eo A +m see B+ nee C=0, 1+m+n=0, 

and looses A +m cose B +n coree C=0, 

If there is a relation of the second degree between , ny 
and n, we huve shewn jn Art, 72 that the line envelopes 4 
conic; in other words a tangential equation of the second 
degree represents a conic, 

Tf there is an algebraic homogeneous relation of any kind 
between /, m, and n, the straight line will envelope some 
curve, and this algebraic relation is called the tangential 
equation of that curve, 


148. The foregoing will hold similarly if we use Areal 
Coordinates, But, in order to shew what coordinates aro 
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meant, the letters p, g, r will be used to denote the coor- 
dinates of a line in Areal Coordinates, and hence 

i porgy+rs=0 
will be the standard equation of a line in Areal Coordinates. 

Most of the Articles in tho present chapter will be true 
for Areal ax well as Trilinear Coordinates. Where there is 
any difference it will be mentioned, 

Tf we use Cartesian Coordinates, we shall have the co- 
ordinate » equal to unity, and then a and y are the Car- 
tesian Coordinates. 

149. We can easily convert tangential equations in 
trilinear coordinates into the similar equations in areal 
coordinates. For suppose that the trilinear equation 

la+mp +ny=0 
represents the same straight line as the areal equation 
pr+gy+rz=0, 
80 that /a, mB, ny are proportional to bi He Ne Now 
a, B, y ave, as in Art. 67, proportional to = ast 13 . Hence 
2 ucactl nema lens etl 
pa, qb, re. T follows that a tangential equation in trilinear 
coordinates can be changed into the corresponding one in 
areal coordinates by substituting pa, 96, and re for |, mand n, 
where a, 6 and c are the sides of the triangle of reference, 
and conversely, 


150. The equation of any straight line through the 
intersection of a +m + thy = 0 and a+ 1,8 + my = 0 is 
(b,+ Ah) a+ (my + Am) B + (my + Am) y= 0, 
s0 that the tangential coordinates of any line through the 
interseotions of the lines (4, m,n) and (j, my, m%) are 

(h + Alyy amy + Attys hy + Ary). 
‘The tangential coordinates of the line joining two fixed 
pointe (a,, A, 7) and (a,, By, 4) are, as in Art. 51, 
(Bite Bays Yt Yar B= 048). 
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151. Just asin Part I, Art. 116, it may be shewn that 
the tangential equation 
B= AP + Bm + On? + 2Fmn + 26nl + 2H Im =0 
breaks up into linear factors if 
ABC + 2FGH - AF* - BG?- CH*=0, 

In this caso the conic becomes & pair ee For let 
the two linear factors be la, + mp, + ny, + mB, + myy. 
Then 2=0 is satisfied when either la, +m, +ny,=0, or 
when la, +m, + ny, =0, i, whon the straight line 

la+mB +ny=0 
passthrough citer of he ont (fu) a(n Ba 
ce these two points only are represented. 


152. The tangential equation of a circle, whose radius 
is r and whose centre is at the point (a f, 7), is easily 
obtained by expressing the condition that the perpendicular 
from the centre upon any tangent is equal to r, and is thus, 
by Art. 59, 








La! +m! + ny’ ep Ot +8 +0, 
2mn cos =e 





P+. 
be, 
#°(aa!+ 6! +0y/)'(P-+m?4-n?—Imno0s A—2nl cos B—2imcosC) 


= 4A? (la-+ mB! +ny'). 
So in areal coordinates it is 
(al +y/ +2!) (atp' + Bgl + r= pr be o08 A =... ~...) 
= 4A°(pa!' + gy’ +12’), 
where in each case a, 5, and ¢ are the sides of the triangle 
of referonce, 
153, To find the point of contact of any tangent to a 
conic given by ita tangential equation, 
Let the point equation to a conic be 
Sac! + bB"+ cy" + 4/By + Ygya + thaB=0...(1), 
so that its tangential equation is 
3=AP+ Bm! + On*+2Fmn+2Gnl+2Hlm =0 ...(2), 
where d= bo-/' Fa gh-af, oosy oo 08m Art, 72, 
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Tet the point of contact of the tangent 
hat mB + my =O secsesssessein(S) 
be the point (a,, 8,, y,). Then (3) must be the same as the 
tangent to (1) at (a,, By) 7), #4 it is the same as 
(aa, + 1B, + gy») + B (ha, + 6B, +p) + 7 (gaa + fBi + ey) =O. 
aa, +hB, +97, = Ah, 
ra, + bB, + fy, = dm, 
and 9%; +/B, + oy, =m. 
noes these equations by 4, //, @ and adding, we 
ive 








‘Aa, = A[ Ad + Hm, + Gn), 
and so for the others. i 





fy . A Fe n 

“ Ah+ Hm + Gn, Hh+ Bm + Fa, Gl,+ Fm,+ Cn,’ 

giving the required point of contact. 

But the tangential equation to the point (a, B,, 7) is 
La, + mB, + ny, = 0. 

Hence the tangential equation of the point of contact of 

the line (f,, m,, m) is 

UAL, + Hy + Gn,] +m [Hl, + Bm, + Fry) 

+n[Gl, + Fm, + On] =0, 
be 1 86 on he Ss yo 
ee a ee Ea ida an 


Kither of these is of the same form as the tangent at 
1 given point in point coordinates (Art. 71)! 


154, To find the pole of any Tine (, m,, m) with reepect 
Perel yeaach Ay here i) 
3= 40+ Bm'+ Cnt+ 2Fimn + 2Gnl+ 21m =0. 
Lot the line ha+m2-+ny=0 meet the conic in two 
points the tangenta at which are 
1a +m,B+ my =0.. 
and hatmfiny=0. 
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By the last article, the point of contact of (1) is 
(Al,+ Hing +Gny, Hly+ Bm + Fg, Gl,+ Fm, + Cn,), 
Since this point lies on the line J.a+m,B+my=0, 
2. y(dly+ Hin, + Gn,) +m, (Hl, + Bm, + Fry) 
+1 (Gly + Fmy+Cn,) =0, 
or 


1, (Al, + Hom, + On) +m, (1d, + Brn, + Frm) 
+n, (Gl, + Fm, + On,) =0. 
Similarly 


1, (Al, + Hm, + Gn,) +m, (Hd, + Bm + Fm) 
+n, (Gh, + Fm, + On) =0. 

But these are the conditions that the two tangenté pass 
through the point 

(4h,+ Hr, +Gn,, Hl, + Bm, + Fm, Gl,+ Fm +n), 
which is therefore the required pole of the line (,, my, m). 
This is the result of Art, 76. 

‘These coordinates may be written in the form 


a 2) 
di,’ im,’ da," 
‘The tangential equation of this pole is thus 


12283 nto ot 4oF 4m Ban a0 
dh, + dim,” a dm *™ dno 
The forms of these equations are similar to those of Art. 75, 
185, Two lines (hy mm) and (hy my r) sre conjugate 
if the pole of epch lies on the other, te. it 
fii felch Ei 
btm Fae + iy, = 
o uaF m ga + m=O. 
‘Thin was alao found in Art. 76 
‘The line (, m,n) is a tangent i ts pole lies on ite, ie it 
fee 
a inn 





+n, 


ie, if 3=0, 
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186, Contre and asymplotes of a coniogiven by the general 
tangential equation in trilinear coordinates, 
Tho centre is the pole of the line at infinity 
da + bB+cy=0, 
Hence, as in the last article, the centre is the point 
(40+ Hb + Gc, Ha+ Bb+ Fe, Gat Fb+ Co). 


Also the asymptotes are the pair of tangents that can be 
drawn from the centre to the curve, 


Hence an asymptote is the line (1, mn, m) given by 
1 (da+ Hb + Go) +m (Ha + Bb + Fo) +n(Ga+ ¥b+Ce)=0 





and 

AP + Bit + On? + 2Finn + 2Gnl + 2HIm =0 ... 
‘i.e. if $ (I, m,n) =0 is the tangential equation, the centre 
is given by 





ah db | db 
oat b qa de =0, 
and the aaymptotes by this equation and $(l, m, n)=0. 

On solving these two equations, we have the asymptotes, 

The conio is an ellipse, parabola, or hyperbola according 
‘as the roots are real, coincident, or imaginary, 

‘The condition that the conic may be a parabola is more 
easily obtained from the fact that the linc at infinity is a 
tangent, and hence (2) is satisfied by =a, m=6 and n=c, 
‘The condition is thus 

Aa? + Bb + Cot + 2 bc + 2Gca + 2Hab = 0. 

157. In Areal Coordinates the centre is the pole of 
the line 2+y+2=0, and is given by 

abd dp 
& Sy % ae 0, 
80 that it is 


(4+H+0, H+B+F, O+F+0), 
‘The asymptotes are given by 
p(A+H+@)+q(H+ B+ F)+r(@+F+C)=0, 
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Ap! + Bat + Ort + 2Fgr + 20rp + 2Hlpq = 0, 
ih, by 


gag edt-o and $(p,q7)=0. 


‘The conic is a parabola if 
A+B+04+2F+26+2H =0, 


188. To find the equation to the director circle of the 
conie whose tangential equation is 
AP + Bat + Cn? + 28'mn + 2Gnl + 2Hlm = 0, 
If the line (1, mm) passes through the point (a5 Ais yi), 
then la, + mp, + ny, =0. 
If we eliminate n between this and the tangential equa- 
tion, we obtain 
PL dy? 26y,0, + Ca,t] + 2m [Hy OB,y,— Fe, + CoB) 
+m? [By 288.7, + 0B,'}=0. 
This equation gives the two tangents, (J), m, m) and 
(fy may 23), which pass through (a;, 8,, 7). Hence 


4h mM, 
ByS=BPBin + CB? Ca 26y,0, + dy 


. Smy + Lm, 
TTHy + 2OB,y, + 2Fy,0,—200,8,° 

We should, by eliminating 7 and m instead of n, obtain 
similar relations for 1%, mr +mn,, and yl, +h, 

Now if (a,, 8,, 71) ison the director circle the two tangenta 
are at right angles. Hence, on substitution in the result of 
Art. 54, wo have 

(By? ~ 2 Bry + CB!) +o. + 

+2[FFay'+ AB, — Hye, ~ Ga, By) 008 A+ os + = 0, 
Hence the equation to the director circle is, as in Art 79, 
at (B+ 0 +28 008 A) +... +. 
+2By[4 008A ~ FG con C~ H 06 B+ s+ os 
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‘Bx. 1, Show that the equation to the direotor circle of a conic, 
‘whose tangential equation in oblique Cartesian coordinates is 
AD+ Bm!+On3+2Fmn+2Gnl+2Him=0, 
in O(24+ zy 008 0 +y") 
~9(G+Feosw) 2-2 (F+G coew)y+4+B+2H copw=0, 
Bx. 2. With rectangular Cartesian coordinates shew that the 
tangential equation 
AD + Bnd + 2F mn +2Gnl +2Him=0_ 
in that of » parabola, whose direstrix is given by 2G24-2Fy=A +3, 
‘snd whose foous (z;, y;) is given by 2(z,+%y,) (G+ Fi)=A-B+2Hi, 
whore (mt ,/=1. (A tangent through the foous is y ~y; =i (=~), 80 
thatthe valuos J=,m=~ 1, n=y; ~ (2 aatiafy the tangential equation.) 
159, 7o obtain the foci of a conic whose tangential equa- 
tion in rectangular Cartesian Coordinates is 
3s AP + Bm' + Cn*+2Fmn + 2Gnl+2Hlm=0, 


Let (2, y1), is 1 44) be the two real foci, or the two 
i foci, of the curve. The product of the perpen- 
diculars from them upon any tangent is constant, 
Hence 

(ley + my, +n) (lay + myy +n) _ oe 
Pit =const. =A, 

Comparing this with the given tangential equation, we 
Wve 











%—d_wh-d_ 1 _ nth Mth Byte, 
a) Bo 0. are ag dial 
* C@a-ny)=4-B; O(a +2) =26; 
C(yty)=2F; and C (xy, +%y,) = 2H, 
Hence, substituting for 2, and y,, we have «,, y, given by 
C (@3—y;3)- 26m, + 2Fy, + A-B=0, 
and Ony, Fa, = Gy, + H=0, 
two equations to give the foci. They represent two rect- 
angular hyperbolas which intersect in the two real, and the 
two imaginaty, foci. 
Again, since 
(lay + my, + m) (le + my, +n) = 34 (2+ m'), 


158 COORDINATE GEOMETRY 


the right-hand member must break into factors, the con- 
dition for which is 
C(A+A)(B+A) + 2FGH 
(A +A) F*=(B+ 2) G- (0+) H*=0, 


or 

OM + A[(4 +B) O- P= G] 

+(ABC+2FGH - 4P*- BG'-CH?)=0. 

Now, if the foci are real, the value of A is the square of 
the semi-minor axis; whilst, if the foci are imaginary, it 
can be shown (from Part I, Art, 394) that is equal to the 
aquare of the semi-major axis, Hence the squares of the 
semi-axes are given by the equation 

OM +A[(A + B)O- P- 07] 4.4=0, 

where A is the discriminant of the tangential equation. 

160, Mx. Conics are drawn touching the sides of the triangle of 
reference and also the straight line (1, ~ 1,1); shew that the tangential 
equation of the envelope of the asymptotes is q(p+q+1)~pr=0, and 
interpret the rerult, 

‘The tangential equation of an inscribed conic is 

Lgr+Mep+Npq=0. 

‘This is satisfied by (1, -1, 1) if M=L+N. Ne, 
Eegbelacrsgi by (2 ) +N, Henoe, on patting N=pL, 


ar+(u+1) rp+upg=0. (le 

‘The centre is (Art, 157) 

P(atl) +9 utl)+r (a+9)=0 (2), 
‘Tho asymptotes are given by (1) and (2). Eliminating », we have 
(p-#) lq (p+4+7) -pr]=0. 

‘This is therefore the tangential equation always aatisfied by the 
saymptotes. Tho factor p-r=0 gives p=q=r=0, 

Henos the equation required is 

q(p+qtr)-pr=0 (3). 


stiafied i Geng nd r= 0, Hence the envelope of 
conic which touches O and 


By Art, 78, the point-equation is oasily seen to be 
at eyt tet Oye - Orr + Bry =0, 
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EXAMPLES, 

1, Show by s dingram the position of the straight line whove areal 
coordinates are peoporinal to ( 1, 2, 8), tal ate point whore 
equation is ~p+29 4-8"=0. 

2, In areal coordinates, shew that the tangential equation to a oonio 
Youching the sides of the triangle of referenco, and having ite contre 
(oy Yor Ay) in 

Wor+%0- 34) ar+ (t+ 29~Vo) + (+ ¥0- My) PQ=0. 

If the contre of the conic is the nine-point centre, ahew that the 

oquation is 
gr sin 24 + rp sin 28+ pe sin 90=0, 

Bhew that got 5 + pot +g cot 0 the tangential equation 
of the cirsle inscribed in the triangle of reference, 

3, In areal coordinates, what curva is represented by the tangential 
qution 
(ap + bq ~cr) (ap ~ bq +er)+ (ap + by -er) (— ap +g +r) 

+(-ap+dy ter) (ap~oq+er)=01 

4, Inareal coordinates, shew what ia represented by the equations 

(1) ptan 4+q tan B+rtanC=0; 

(2) atp*=4begr; 

(8) p= (p+q)r; 

(8) anp+b Jere /r=0; 

(8) a/q4r+d Jrep+e Jptq=0; 
where a, b, ¢ are the sides of the fundamental triangle. 

5, Find the centre and tes of the conio whose tangential 
squiton ia ph pq 2eh—rPa — 

8, Find the ooordinstes of the points of contact of the sides of the 
triangle of reference with the conic whove tangential equation is 

Lar +-Mrp+Npq=0. 

Find also the centre of the conic, 

7, Shew that the straight lines joining the vertices of the funda. 
‘menial triangle to the points in whiob the conio 

ahs by" ca + Mya + Ogaz + Bhzy =0 
cute the opposite sides touch « conie whose taugential equation is 
bop"+ cag? + abr*— af gr - bgp ~ 2chpq = 0, 

8, Shew that the threo perpendioulars from the vertioes upon the 
opposite sides of the triangle of referenco, and the three lines to the 
middle points of these sides from the vertices, all touch the conig 
whose tangential equation id 

Poin 2B ein 2C+..,+...+9mnsin A sin 94 +. 





1, 


160 COORDINATE GEOMETRY 


9, Find the tangential equations of the insoribed and nine-point 
ciroles of the of reference, and shew that one of their oentrea 
of similitade lies on them, 

10, Show that all conics of the system p!-g!= kr’, where k is 
variable parameter, have one common asymptote, and that their other 
asymptotes all pass through » common point. 

U1, If p and ¢ are the lengths of the perpendioulars on a variable 
tine from two fixed points, ahew that 

‘ap-+bq-+e=0 and ap*+ Bhp +bg?=et 
represent rospeotively a circle and a conto. 

Interpret the equation 4 +4'P =244, where the line (p/, q') in any 
tangent to the ellipse pq =i, 

12, Shew that the lines joining the vertices of the triangle of 
reference to the poles of the opposite sides with respect to the eonic, 
‘whoge tangential equation is 

Apl+ Bgl+ Cr84-3F gr+2G rp + 2H pq =0, 
‘meat at the point Fr=Gy=Ht. 

If this couie touch four fixed lines, shew that the locus of this point 
inn conie circumscribing the triangle of reference. 

18, If the equation to a straight line in reotangular Cartesian co- 
ordinates be lz+my+n=0, shew that the equation dctim=n* repre- 
sents 6 rectangalar hyperbola, and that the equation to its evolute is 

(mit + mnt =0, 
14, Shew that the equation to an asymptote of the conic ys= kz? is 
dhe+y+e=+(y-2),/1—4, 
‘and shew that for all conics of the system its envelope is the 
parabola 





(Y+e+2e=dyr, 


15, Two tangents aro drawn from a Sixed point O to a conis; the 
first is met by variable tangent in P, and the second by « parallel 
tangentin Q. Shew that the reotangle OP. 0 isconstant, (‘This may 
be solved by either tangential or homographio methods, 

16, Shew that tangents to the conic 

Seas by! + cet Yfye + 2gee + Dhzy=0 
‘at the points where it is met by the line pz+qy-+rs=0, are given by 
the equation 


8. 2=A(prtqy +n}, 
where Z=0 ia the tangential equation of S=0, and A is the dis. 
oriminant of 8, 
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Meaning of 34+A2/=0, 

161, If ¥=0 and 3'=0 are the tangential equations to 
two conics (i.e, the conditions that the general straight line 
la +mB + ny=0 touches them), then %+A3' =0 is the tan- 
sential equation to a conic whicb, for all values of A, touches 
the four common tangents of % and 3’, For it is satistied 
by any atraight line whose line-coordinates satisfy both 3= 0 
and 3'=0, +, by any common tangent to both conics, 

[The student should notice the analogy with the point 
equation S+AS'=0 (Part I, Art. 380). The conic S+A'=0 
pasgos through all the points whose coordinates satisfy both 
8=0 and S'=0, The conic 3 + AX’ =0 touches all the lines 
whose coordinates satisfy both 3=0 and 3’ =0.) 


Particular Cases. 

34APQ=0, where P and Q are linear, ie, they are the 
tangential equations of points, 

‘As in the general case this case gives 8 conic whose 
equation is satisfied by 3=0 and P=0, or by 3=0 and 
Q=0, is. it touches all the lines which touch 3=0 and pass 
through the two points given by P=0 and Q=0, ie, it 
touches the four tangents which can be drawn from the 
points P=0 and Q=0 to the conic ¥=0. 

3+AP#=0, If the point Q=0 moves up to, and ulti- 
mately coincides with, the point P= 0, the point of contact 
of the conic with the tangeut from the point Q=0 will move 
up to, and ultimately coincide with, the point of contact of 
the tangent from P=0, i.e, the conic 3+AP=0 will touch 
the conic 3=0 at the points where the tangents from the 
point ?=0 meot it, 

PQ+4ABRS =O, where P=0, Q=0, R=0, $=0 are the 
tangential equations of points A, B, (, D. 

‘The equation is satisfied by any line which satisfies both 
P=0 and R=0, ie, by the line AC; 0 by any line which 
satisfies P= 0 and S'=0, ie, by the line AD; similarly by 
a line which satisfies Q=0, R=0, or Q=0, S=0, i, by the 
lines BC or BD, Hence the equation gives any conic which 
touches the four lines AC, AD, BC and BD. 


ou ety 
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It P and Q coincide, then P*+ARS=0 is the tangential 
equation of a conic which touches the lines AC and AD at C 
and D, where A, C, D are the points whose tangential 
equations are P=0, B=0, and $=0. 

162, Bx. Pe Pay, the perpendiculare the angulay 
points of @ pics 1H phased tion prorpadrdoy ari 
quadrilateral, then p,23=hp,P4- 

Tat (a), , » Ye) (iss and (a4, Ay, 74) be the 
constaPa Qh uy Bry Ie fay nl wd (Ou Ba 70) 

‘The =0 ote, being the tangential equations of th 
Prey) i Se iy [sheep rir ps coats tidings; 
AD, CB, CD, i.e. of any inscribed conie, is, by the last article, 
Lthpestts (lay +B + Mya) = (lay + mater) ipa 

it i al to the porpendi a 
daly be soit: eam wehaee “ 
PiPe= hPL 

163, Tangential equation of the circular points 
at infinity. 

The circular points at intinity are given by the inter. 
section of the circle 





+ bya + CoB =0 vecccssseseeeeees i 
intmane 0 

60+ 8 8.4.¢7'= Orierserssenronsc(9 
‘Th straight line 

la+mB+ny=0 ... (3) 





aye through one or other of these points if these three 
loci have » common point, 

(2) and (3) meot where 

Laine 6 2 
me—nb- na-lo lb—ma’ 

and this point lies on (1) if 
(oa) Qb~ma)+(0b—ma)(me—nd) 4e(no-nb)(0a-1)=0, 
ie. 


abe (P+ m+n?) ~ mn a(b? +0 a!) — nl b (c+ a" — b) 
—lme(a*+ bc) =0, 
ie. if 
Pm! +n*—2mn cos A - Ini cos B ~ 2m cos C =0...(4). 
‘This equation, being the condition that (3) passes through 
pes ok Cea iralar pat at iufinity, A fhe tangential 
equation, 
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164, If the coordinates be Cartesian and rectangular, 
the corresponding condition that Az + wy + v=0 should pass 
through ircular points at infinity is A*+ n*=0. For the 
condition (4) implies (Art, 69) that for every line through 
these circular points the perpendicular on it from any point 
is infinite, and A'+ p= 0 means this in Cartesian rectangular 
coordinates, 

Or, again, the straight lines through any point to the 
circular points at infinity are ytaV—1+0e=0, Hence 
for theee straight lines, reat =F, and 90 N+ gt =0. 

Similarly, for oblique Cartesian coordinates, the corre- 
sponding equation is A'+2Aq 008 w+ a’=0, where w is the 
angle between the axes, 

Tf the coordinates are Areal, the circular points at 
infinity are given by the intersection of the circle 

@yz + bex+clay=0, and z+y+2=0, 
and hence their tangential equation is 
ap! + bg? + o'r? — 2bogr cus A— Yeap cos B—2abpg cos = 0. 
Tangential equation to the foci of a conic 
» and to confocal conios. 

165, We have seen in Part I, Art, 392, that the 
(imaginary) tangents from the focus of a conic to the conic 
satixfy tho conditions for being a circle, and hence they pass 
through the circular poiuts at infinity through which all 
circles pags, 

Tf then from the circular points at infinity we draw 
tangents (imaginary) to the conic they form a quadrilateral 
two of whove angular points are the real foci, and the other 
two of whose angular points are the imaginary foci, of the 
conic, Also all conics which have the same tangents from 
the circular points at infinity have the same foci. 

If 3=0 is the tangential equation of any conic, and 

3 SP +m'+n"=2mn cos A — Int cos B- 2h cos 0 =0 
iM the tangontial equation of the circular points at infinity, 

en 











B+Av=0 
ua 
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is satiafiod by all lines which satisfy both X and ¥'=0, 
i.e, it is the tangential equation of all conics which touch 
the four tangents that can be drawn to 2=0 from the 
ciroular puints at infinity, 

But the other intersections of these four tangents are the 
foci of the curve, 

Hence ¥+A3'=0 has the same foci as ¥=0, and thus 
the tangential equation of all conics confocal with 3=0 is 

X+A[P +m? +n! — mn cos A - 2nl cos B ~ 2m cos C} = 0 

ssson(I)e 

It this equation (1) breaks up into linear factors, and this 
by Art. 151, it will be found to do for two values of A, it 
represents two pairs of points, and these points are the foci 
themselves. 

166, Similarly, in Areal coordinates, the equation of all 
conics confocal with 3 =0 is 

B+A(atp* + bg! + c'r*— 2begr cos A —2earp cos B 

~abpg 008 C) = 0. 

167. Tangential equation to the foci in Cartesian coor- 
dinates, 

If 3=0 be the tangential equation to any conic, that to 
any confocal is 
: (\y, 
ie. 


(A+A)P+(B+A)m*+ Cnt + 2Fimn + 2Gnl + 2Hlm =0. 
This breaks into factors, which are the tangential equa- 
tions to the foci, if 
(A4+A) (B+A)0 + POH -(A +) F*-(B+0)G*=Cll*=0, 
ie. if 
(480 +2PGH- A F*— BG*-CH") ‘ 
+A(AC+ BO ~F*-G%) +00 =0, 
ie if AY+A(a+4 6) O40 =0, 
where A is the discriminant of the point equation. 
Eliminating A between this and (1), we have 
(P+ mt)! A*— 3A (a + b) (2 +m?) + 02 = 0, 
as the required tangential equation of the foci. 








B+A(P+m!)=0 
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Ti will bo noted that in the above work it has beon assuined thut 
(4BC-+4PGH - AF*~ BO CH?) = (abe+2/gh— af" bg? oh¥}1=4%, 


This oan be proved by the use of tho relations of Art, 78. For the 
loft band 


=A (BO- F*)+H (FG ~CH)+G (HF - BO) 
=4.a0+H.hA+G.gh=A (da+Hh+ Og)=A%. 

168, General tangential equation to all conics having 
the given pointe S,, (ay, Bis yi) and 8, (aay Byy y3) a8 foci, 

If la +mB + ny =0 be any tangent, the product of the 
perpendiculars from the foci upon it is constant. Hence 

__ (las + mB, + mys) (dag + mB + mys) 

24 m* +n? ~ Imn cos A —2nl cos B— 2m cos C 

The tangential equation required is thus 
(la, +m, + my) (Jaq + mB, + ny) 
=A[P +m? +n*- 2mn cos A —2Inl cos B —2lm cos C]...(1). 

Tf we want the parabola 1 with §, as focus, then §, is the 
see of contact of the conic with the line at infinity, and 

yence we have in addition 
aa, + 6B, + cy, =0. 

Similarly, in Areal Coordinates, the tangential equation 
of all conics having (%, y, %) and (2, ¥, #) a8 foci is 
(pa + gyi + 1%) (Pa + OY + 1%) 
=A (atp* +b'g*+e%r* —2begr eos A - 2earp cos B-2abpq coaC), 
and, if the conic is to be « parabola, we have, in addition, 

y+, +220, 

169. If d= ax! + hay + by’ + Ign + Yy+e=0 be the 

general Cartesian equation to any conic, shew that the equation 


= const, =A, 





of all conicn confocal with it is 
o+hy+ BA =0, 
where CO (a+ y') - 20a—2Fy+ A+B, 





A is the discriminant of 4, and k is a variable parameter, 
By Art 167, the tangential equation of any conic confocal 
with = 0 is 
(A4+A) P+ (B+ A) mt + On? + 20'mn + 26nd + 2H im = 0, 
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Henee, by Art. 73, the corresponding point-equation is 
a[BO- P+ AC] + y*[CA—G*+ 0] + ((d +A)(B +d) -H] 
+2y (GH -AP-AF] + 2n[HP- BGG] 
+2zy [FO - CH] =0...(1). 
But, as in the same article, we have 
BC-Ft=ah; CA-G*=0A; AB-H*= 0; 
GH-AF=fA; HP-BG=gh; and FO-CH=hA, 
where A is the discriminant of the point-equation, 
Hence (1) becomes 
AG (2, y) +A [0 (at 4 y")—20n—2Fy + A+B] 4d*=0, 
tity on putting A = kA, it is 
$+ hp +O =0. 
It will bo noted that y= 0 is the equation to the director 
circle of the conic (Part I, Art, 390), 
Cor, It may bededuced, by putting A=, that all conics 
contocal Siar t sag else ac prea oy 
oat Dy + by (at eye) +e Ot eH <I 
where p is some constant, 


190, Mx. 1. Find the equation to the conic, whose foct are the 
chramcentr and orthncnte of triangle ABO, and wReh ove the 
The circum-oentre is (008 4, 008 B, 608 C) and the ortho-centre is 
(008 2 008 0, eos 0 008 4, cos 4 eos B). 
‘Henoo the tangential equation of the oonio is 
(F008 4 + mo083 +n 2080) (1008 Be08 0+ mons cos 4 + nco8d 008 B) 
=)(0-4mi+-nt—2mn cos 4 —Snt 006 B — Mm cos C), 
‘ i the conio touches BO this equation must be satished by 
Henoe \= 008 4 cos Boos C, and the equation becomes 
smn 008 A (008 B +0088 0-+2 008 A ¢08 B 008 C)+.. 
ie, mn cos A (c08 B sin A sin C+-c0s Cain sin B) 
ie, mnoos d sin? A +nloo8 B sin® B+ In 008 0 sin’ C=0, 
Hence the point equation is 
tin 4 ,/a cond +sin B,/pcowB+sin C \/-yc08 0 =0, 
‘Tho conio therefore touches the other two sides of the trisngle, as 
would be expected, since the produet of the perpendiculars on any 
side of the triangle from the oireum- and ortho-oentres is the same, 
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Bx. 2. Shew that there are four, and only four, conics inscribed in 
4 triangle each confocal with a conic circumscribed to the triangle, and 
find their equations, 


a 1 
TAB 4 Mm? + N4n? - 2 Non - 2NLanl - 2LMIm=0, 
‘The tangential equation of any eoufocal is 
LAD4 Mint + N4nt —2MNmn = 2N Ent = ILM 
+0 (4 nt + n= Ben 08 = 2a! co8 1 ~ 2m cos 0) =0. 


IL this conto is inveribed in tho triangle of reference, this equation 
must be satinfied by 


(1,0, 0), (0, 1, 0), and (0, 0, 1), 
‘Hence Tt=I=N=-), 
‘and the confocal is 
mn (Leos A ~ MN) +n (A* cos B ~ NL) +im(N¥cox C- Lif) =0, 
‘The four different cases are then given by 
L=M=N; LeM=-Nj M=N; and -L=M=N. 
‘The corresponding cireum-conics are 
Bytya+a8=0; By+ya-o8=0; 
Py-7a+aB=0, and -By+yat+a8=0. 
‘The corresponding confocal in-conics have as tangential equations 





4 B One 4 B Din 
an int + nl aint5 +m sink =0;, mn cout +-nleoe'5 — taint; =0; 


cudy, 


nncos'4-nlsint + Imeo# 0; =n lcs? + monet? 


2 
‘and as point equations 


ing Jasin JB +sin$ Jy =0; 
oon fa + on A + sin $70; 
oon Ja + win Y=Br ood fy =0; 


sins acon A+ 000 aly =05 
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EXAMPLES. 
1, Find the fooi of the conio whose taugentia! equation in Cartesian 
coordinates 


198+ 16m! + dim -1=0. 


2, From the tangential equation of the conic 
az? 4-Bhay + by! + 2ge+Bfy+e=0, 
shew that its foo! are given by the equations 
Cx*- 962+ A= Oy!-9Fy+B=K, 
where K is either root of the quadratio 
OK*~ (a+b) Ak+4*=0, 
, Show that the circam-centro of the triangle of reference is one 
foous of the conie whose tangential equation ix 
qr sin 24 + rp sin 9B +pq sin 20=0, 
‘and find tho other foous. 
4, Shew that the trilinear equation to the ellipse through B and C 


which has one focus at the angular point A of the triangle of reference 
BG, and the other foous in BO, is 


stein 4+ oy ya of =0. 


5, Shew that it is possible to draw three equal parsbolas, with the 
ceto-conte of a ilangio ms foun, ene tomahieg two ties of the 





6, Shew that the locus of the foci of the oonio f= ka’, for different 
values of k, is the cubic curve 


a (f° ~%) +28 (8 008 B--y008 0)=0. 
7, The coordinates being areal, shew that the oonios given by 
Nap+ Jba+ Jer=0, 
snd tao 4 or + tan p+ tan rg =0, 
are confocal. 


8. A conio, confocal with the sonic whose tangential equation is 
2=0, tonches the sides of the triangle ABC. Shew that, of the eonios 
‘hich touch the four tangents from the pointe B, C to 2, one has a 
foous at and the companion focus on BO, 


9, The sides of w triangle insoribed in an ellipse touch « confocal 
llipeo; show that the points of contact aro the points at which the 
sides touch the corresponding oscribed circles. 


10, A triangle is self-conjogate with respect to a conic; shew that 
the sides of its pedal tage oa is ecnloal ool 





OHAPTER VI 
RECIPROCAL POLARS 


171, If for any line / we take its polo P with reg 
tos conic S, then, corresponding to any collection of lines 
such as Z, we shall get a series of points P, and if the lines 
Z touch & given curve the points P will lie on another curve, 

So, if for any point P we take its polar J, with respect to 
conic $, then, corresponding to any series of points P we 
shall get collection of lines Z, and if the points P lie on 
a given curve the lines Z will touch another curve, 

Such point P and a line J, are said to correspond to 
‘one another, 





$ x 

Suppose that all the lines Z touch a given ourve §,; let 
two of them, Zand Z,, meet in Q, and let their poles with 
regard to the conic S be P and P,, Bince the polar of Pia 
L, which through Q, therefore the polar of Q passes 
through P. So since L,, the polar of P,, passes through Q, 
the polar of Q passes through P,, 

Hence the polar of Q is the line PP,. 

Now let Z, very nearly coincide with Z, so that the point 
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@ vory neatly lies on the curve 8 ; then the yn P, and 
P very nearly coincide also, and are very close points to 
one snother ae the curve ‘S, on which all the points 
Py Py Pay oe 

Hence, in ne limit, when Q iret lies on the curve 
S,, the line PP, becomes a tangent to the curve %,. 

Hence if, instead of starting with tangents Z, L,, ... to 5, 
and so obtaining the points 2, P,,.... on S,, we started with 
points such as Q on §, and took their polars, we should 
obtain tangents to the curve S,. 

Thus whether we started with tangents to, or points on, 
S,, and took their poles, or polars, with respect to , we 
should obtain the same curve §,, either as the loci of theso 
poles, or as the envelope of these polars. 

So similarly whether we started with tangents to, or 
points on .S,, and took their poles, or polars, with respect 
to §, we should obtain the same curve 3, either as the 
loci of these poles, or as the envelope of these polars, 

On account of this property either curve, §, or Sis said 
to be the Reciprocal Polar of the other with regard to 
the conic 8, and this conic S is called the Auxiliary 





178, To any tangent Z to S,, which does not cut the 
conic Sin real points, there corresponds a point P within 
S; if Z cats S in real pointe the corresponding point P is 
without 9; if the tangent Z, is also a tangent to 5, the 
corresponding point P is on S, and is tho point of contact 
of L with 3, 

Tf from any point Q there can be drawn two, three, ... 
tangents to 8, then the corresponding polar of @ with 
respect to S cuts S, in two, three, ... pointa, each one of 
these latter points being the pole with respect to S of one 
of the tangents from @ to S,. 

Hence the number of points in which any given line cuts 
‘S, is the same as the number of tangents that can be drawn 
to 8, from the point corresponding to that given line, i.e. 
the degree of §, is the same as the class of S,, 
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Similarly the class of S, is the same as the degrée of 5,. 

Tn particular, if 8, be a conic (which is a curve of degree 
2 and class 2) then S, will be a curve of class 2 and degree 
2, 80 that 5, will also be a conic, 

Similarly, if S, is @ conic, so also will S, be, 

‘Thus The polar reciprocal of « conie with reepect to a conte 
‘is also a conic, 


173, If from the centre C of the auxiliary conic 8 we 
can draw two real tangents to %;, then Capone to 
these two real tangents we shall have two real points at 
infinity, and , will bo» hyperbola, For the pole with 
respect to of any line through its centre Q is at infinity. 

So, if we can only draw one tangent from C’ to S; (ie. if 
C lie on §,), we shall get one real point at infinity, and 8, 
will be « parabola, 

If we can draw no real tangents from € to S, (i.e it C is 
within §,), we shall get no real points at infinity, and $, will 
be an ellipse. 

Hence The reciprocal polar of any conic S, with regard to 
a comic $ will be an ellipse, parabola, or hyperbola according 
as the contre of S is within, wpon, or without the conic 8,, 


174. We observe that if S,, §, are the polar reciprocals 
cof ono another with respect to a conic § there is a corre- 
spondence of lines and points, ‘Thus: 

To a point (or line) of one curve corresponds « line (or 
point) of the other curve, 

‘To a point on (or a tangent to) one curve corresponds a 
tangent to (ar a point on) the other curve, 

To the point of contact of a tangent to one curve corre- 
sponds a tangent at the corresponding point on the other 
curve, 

‘To the line joining two points on one curve corresponds 
the point of intersection of two tangenta to the other curve, 

‘To the line joining the points of contact of two nts 
to one curve corresponds the point of intersection of the 
tangents at the two corresponding points of the other curve, 
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To tho point of contact, ie two coincident points of 
intersection, of two curves corresponds two coincident 
tangents on the two corresponding curves, Honco if two 
curves touch, their reciprocals also touch ; also, if two conics 
we double contact, their reciprocals have double contact 





To a self-conjugate triangle with respect: to a conic (i 
triangle, the intersection aL trotet white Scent pole 
of the third side) corresponds a triangle, the line joining 
two of whose angular points is the polar of the third angular 
point, ie, a self-ocnjugate triangle with respect to the new 
conic. 


176. After a little practice the student will find it easy 
to write down the theorem which is the reciprocal of a given 
theorem. He will find it to consist simply in writing 
‘straight line” for “point,” “intersect” for join,” “polar” 
for “pole,” “locus” for “envelope,” “tangent to” for ‘point 
on,” “lie on a straight line” for “meet in a point,” “point 
of contact of a tangent” for “tangent at a given point,” etc., 
and vice verad. 


Some examples are now given, In one column is given a 
theorem and in Alpes column the reciprocal theorem. 
‘The student should take any one of these theorems, and, 
without looking at the reciprocal theorem, write the latter 
down for himself. 

Given four points on » Given four tangents to a 
conic, the polar of a fixed conic, the pole of a fixed 
point passes throughasooond straight lino lies on # second 
fixed point, fixed straight line. 

Given four points on a» Given four tangents to a 
conic, the locus of the pole conic, the envelope of the 
of a fixed straight line isa polar of a fixed point is a 
conic section, conic section, 

If. hexagon be inscribed Tf a hexagon be circum- 
in a conic, intersections scribed to a conic, the lines 
of the opposite sides lie on a joining ita opposite angular 
straight line. points meet in « point 

(Paseat’s Theorem) (Brianchon's Theorem) 
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Tf two triangles are in- +  Iftwotriaugles areciroum- 
scribed in a conic, their six scribed to a conic, then six 
sides touch another conic, angular points lie on another 

conic, 

If two triangles are self- If two triangles are self- 
conjugate with regard to a conjugate with regard to » 
conic, theirsixangular points conic, their six sides touch 
lie on another conic, another conic, 

‘The three lines joining The three points of inter- 
each vertex of a triangle to section of each side of a tri- 
the pole of its opposite side angle with the polar of the 
with regard to a conic are opposite angular point with 
concurrent, regard toaconic are collinear, 

A triangle is inscribed in A triangleis ciroumscribed 
conic; the points in which toa conic; the straight lines 
each side meets the tangent joining each sage point 
at the opposite angular point with the point of contact of 
are collinear, the opposite side are con- 

current. 

Two angular points of 2 ‘Two sides of a triangle 
triangle lieon two fixed tan- pass through two fixed points 

ts to a conic, the side of a conic, their intersection 
joining them isa tangent to isa point on the conic, and 
the conic, and each of the re- eachof theremainingangular 
maining sides passos through points lies on fixed straight 
a fixed point; the locus of line; the envelope of the 
the third angular point of third side of the triangle is 
the triangle isa conic passing conic which touches the 
through the two fixed points, two fixed straight lines, 

170, Bx. 1, A straight line is drain to be cut harmonically by 
two given eireles. Its envelope is a conic whore foci are the centres of 
the two circles (Page 11, Ex, 2), 

Rewrite. A straight line cuts two circles (which ‘through the 
‘sume two points on the line at infinity) in points giving « harmonio 
range. Its envelope is a conio insoribed in the quadrilateral, whose 

‘are the poles of the line at infinity with respect to the two 
ciroles, aud the intersections of the circles with the line at infinity. 

Reciprocate, A point is taken such that the tangents from it to 


two which touch two straight i through the 
centro 0 of the anzliary cont, faxtstarn pea Tis fons Ia 
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« conic circumscribing the quadrangle, whove sides are the polars of C 
ih rpc to the Ono conte and the tangents from Cto the two 
conios. 


Henoe, The locus of points from which the tangents to 10 given 
conics form a harmonic pencit {sa conic passing through the four points 
af coniact of « pair of common tangents (Arta. 118 nod 117). 

Obtain the reciprocals of the following theorems: 

Rx. 2, Triangles in porspeotive are ooaxal. 

Bx. 6, If a conio in inscribed in a triangle, the straight lines join- 
ing each angular point to the point of contact with the opposite vide 
‘are concurrent. 

Bx. 4. If a conio cireumsoribes » quadrangle, it in self-conjugate 
with respect to the triangle formed by the points of the 
quadrangle, 

Bx. 6. If a triangle is oiroumsoribed to « conio, and two of its 
vertices lio on given straight lines, the loous of the third vertex is a 
conic having double contact with the given conis, 


177. From this transformation by reciprocal polars it 
appears that to every theorem about points and lines there 
isa theorem about lines and points. This is known 

as the Principle of Duality. 


178. To shew that the polar reciprocal of one conic S, 
with regard to an auziliary conic S is another conic having 
@ common self-conjugate triangle with $ and 8. 

Take as triangle of reference the common self-conjugate 
triangle of S and §,, so that 

S'= aa! + 06+ cy? =0, 
and 8, = aa? b,f*+ yy =0. 

We want the locus of the point (a’, f’, y’) such that its 
polar, viz, aaa’ + 086" + cyy’=0, with respect to 8 shall always 
touch §,=0, ‘The condition for this is found by substituting 

(aa', if cy) for J, m, » in the tangential equation of 5, 
‘Art, 72), and the locus of (a’, f’, 7) is thus seen to be 
AE eye 
Sa, Oy eer fk 
a conic having @ comnion self-conjugate triangle with 
and §,, 
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Similarly the reciprocal polar of , with regard to is 
ay Le 
Soph +57=0, 
. a § & 
ie, it is S,5q0'+b,6+07'=0. 
179, To find the polar reciprocal of' the conic 
41 (a By 7) 5 00° + b,B*+ yy" + 9, By + 2g,ya + 2hof =0 
with reapect (0 the conic 
(0, Phy) = 0a Of? oy?+ 2/By+ 2pya+ DhaB = 0. 
We want the locus of the point (q, 6’, 7’) which is such 
that ite polar with regard to =0 always touches ¢,=0. This 
polar is 
a (aa + AB + gy')+ B (ha' +88 +f) + (ge! 4/8 +07) =0, 
and the condition that it shall touch ¢,=0 is obtained by 
substituting aa’ +hB' + gy’, ha’ + bf’ + fy’, and ga’ +B’ + cy’ 
for |, m, min the tangential equation of ¢,. We thus have 
for the loous of («', f, ), 
A, (aa+ B+ gy)? + B, (ha +bB + fy) +0, (ga +JB +e)? 
+2, (ha +bB+fy) (ga + JB + cy) 
+26, (ga +/B + cy) (aa+hB + gy) 
+ 2H, (aa +hB + gy) (ha + bB + fy) =0, 
where 4), B,, O,, «.. are derived from the coeflicients of 4, 
in the usual way, 
EXAMPLES, 
wii is ite own reciprocal with respeot to its 


2, Bhew that the reciprocal of the conic Ay=ka® with regard 
to the conte y=; «isthe conte, sca lal 


atte. 

8, Show that the reciprocal of « cirole with respest to a rectangular 
hyperbola in conio whose foous in at the centre of the hyperbola, and 
‘hat the reciprocal of a rectangular hyperbola with respeot to another 
oneentrle rectangular hyperbola i loo a rectangular hyperbola 

4, If a conic S=0 in its own polar reciprocal with respect to 
onip §'=0, then 8" ia ite own polar reciprocal with respeat fo 8. 
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5, Show that the three conics 
she yl-ter fica 0, ateyl+%s JI-c=0, 
‘Oat - 9 - Ie8 =O, 
yeh that is the reciprocal of th id with to 

Se Seineras ne 

6, Shew that the conic 

9 (UA +m py +z) (C4 mt + nt) (Nt py? 9t27) 
is its own polar reciprocal with respect to the conio 
Matt wyt+ ett 0, 

7, Two conics are such that esch is its it ct 
wine teh sa ee 
‘and that the tangents drawn to them from any point on the chord of 
contact form » harmonio pencil, 

Shew that iio in ite lar reciy with to 
oc rane ee ae 

9, If U=0, Y=0, and W=0 are the equations of three conics such 
that one is the reciprocal polar of the second with respeot to the third, 
prove that they have s common self-conjugste the equation 
to whose sides is J=0, where J is the Jacobian UV.W. [Bee 
Page 94, Ex. 15.) 

180. The conic $ with me to which the reciprocation 
is made is in practice nearly always a circle, and in the 
remainder of this book we shall assume it to be always 
a circle unless the contrary is stated, 

Tt has been shewn in Part I, Art. 165, that the pole of 
any line Z with regard to » circle of centre O is obtained 
by drawing OF perpenialar to L, and on it taking « 
point P such that OP. OW = the square of the radius of the 
circle. 

Henco the polar reciprocal of any curve with regard to a 
circle, centro 0, is obtained by drawing a perpendicular ON 
upon any tangent to the curve, and on it taking a point P 


such that OP = ai where & is the radius of the auxiliary 


circle. 

Hence, it we have two tangents, L and L’, to the conic 
and their poles, P and /, with respect to the auxiliary circle, 
the angle between the two lines Z and J’ is equal to the 
angle POP’, 
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Honco The angle teen any tn tangents tthe original 
conic is equal to the angle aublended at the origin by the too 
corresponding points on the reciprocal curve, and conversely. 


181. To find the polar reciprocal of the general conic 
(0 y) Sax + Bhay + by! + gut Yfy+0=0...0.4(1) 
with regard to a circle, whose radius is k, and whose centre is 
the origin, 0, of coordinates, 

We want the locus of a point (2’, y’) whose polar with 
respect to the circle, viz, aa’ +yy'~#'=0, touches the conic 
=0. The condition for this is found by substituting 2’, y/ 
and —#" for |, m and n in the tangential equation of ¢ 
(Art. 79), 

The locus of (a, y’) is thus 

Avt+ 9Hay + By'— 2h Ge - 22 Fy + OH=0...(2), 
where A, B, C, ... are found from the coefficients of $ in the 
usual way, 

By Part I, Art. $89, the equation to the pair of tangents 
from the origin to the original conic is 

Bat — 2Hay + Ay = (3), 
and the asymptotes of the reciprocal conic (2) are parallel to 
Aa? + Dry + By? =0 seevserseessee(A)e 
The straight lines (4) are clearly perpendicular to the 
_ straight lines (8). 

Therefore the asymptotes to the reciprocal conio are per- 
pendicular to the tangents from the praia tals ogee 
conic, and hence the angle between these asymptotes is 
supplementary to the angle between the tangents to the 
original conic, 








182. This also ap geometrically. For if we draw 
tangent O7, or 07", from O to the original conio the 
perpendicular, OW, on it from O vanishes, and hence the 
corresponding point P is st an infinite distance, since 


OP= 05. Also the direction of OP is perpendicular to the 


unt 12 
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tangent 07, and, since P is at an infinite distance, OP is 
parallel to on asymptote, Hence the asymptotes are per- 

pendicular to 07’ and 07", and, as before, the angle between 
bey is supplementary to the angle Tor’. 

Conversely, the points at sagt on the original conic cor- 
respond to the tangents through the origin to the reciprocal 
conic, and hence the angle between the asymptotes of the 
original conic is equal or supplementary to the angle between 
the tangents from the origin to the reciprocal conic, 

‘Tho asymptotes of the recij conic are imaginary, 
coincident, or real, according paghegveam from taorighs 
to the original conic are imaginary, coincident, or real, 
iis. according as 0 lies within, upon, or without the original 
conic, 

183, If the origin 0 is a point on the director circle of 
the original conic, the tangents from it are at right angles, 
to that the asymptotes of the reciprocal conic are at right 
angles. Hence, if we reciprocate @ conic with respect to a 
point on its director circle, we obtain Nica damnLankuey 
and conversely, if we reciprocate a rectangular hyp 
with respect to @ point 0, we have a conic whose 
circle passes through 0. 


184, Bx, 1. The recipronal ofthe conic 3 + #=1 with respect 


to th origin i the conic ots y"=M, a coun oni whov axe 
fre the reciprocals of the original coni 3 


Bx. 9, Tho reciprocal of the oonio 35+ Yt with rorpect to any 
point (2, y) is 
(eat y- yale ez) 4 WV) t HR 
185. Polar reciprocal of one circle with respect 
to another. 


Let C be the centre of the circle to be reciprocated and 
a its radius. Let 0 be the centre of the auxiliary circle, 
and & its radius, Draw OY perpendicular to any tangent 
at Q to the ell of omire (, tod lat be a plat on oY 
such that OP.OY=%, Then the locus of P is required, 
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Draw OU perpendicular to 0@, and let 
2£Q00= 2P0r=0, and OP=r, 





bal 


Then a=0U+0¥=C0cn0+ 7 


=ccon+ 
? 








1S cos 6 
Hence (Part I, Art, 335), the locus of P is a conic section, 


whose focus is O, whose semi-latus rectum is —, and whose 
eccentricity is. 

It is therefore an ellipse, parubola, or hyperbola accordi 
a8 ¢ $a, ie, acoording as the origin 0 lies within, aed 
without the circle that is reciprocated, 

Asin Part I, Art, 399, the directrix is 

ee 
ware =~ ==—==— 75, 
and hence the directrix of the reciprocal conic is the polar 
of tho centre, C, of the original cirele with respect to the 
auxiliary circle, “Hence The cenire of the given circle recipro- 
cates into the directria of the reciprocal conic, 
ce anita ‘are the major and ag the reciprocal 


wa 
angea mM he 





n-2 
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186. If 0 be without the given circle, the tangenta to 
the latter at two points, 7’and 1”, pass through 0, For the 
tangent 110 the perpendicular from O vanishes, and tho cor- 
responding point P is at an infinite distance, and lies on a 
line through O perpendicular to 07, So for the tangent 7”0. 
Hence the lines through the focus 0, parallel to the aaymp- 
totes, are perpendicular to O7' and 02" respectively, and 
hence the angle between the two asymptotes is equal to the 
supplement of the angle between the tangents that can be 
drawn to the original circle from 0, 

This is algo clear from the equation, 

For the angle that an asymptote makes with the axis Oz 


oe!) (Part T, Art 318) =e00"!2=2 700 





1 the required angle between the asymptotes 
=r-22700. 


187, To any four points lying on w straight line corre- 
spond four straight lines meeting in a point, and the cross- 
ratio of the four points is equal to that of the pencil of the 
four straight lines, 

For if the four points be P, Q, R, S and their reciprocals 
with respect oan origin Ob the tight ins P,Q, 2S, 
the angle between the straight lines P, and Q, is equal to 
the angle POQ (Art. 180), and so for the pecans vehi 
if the four lines meet in the point 0,, it is clear that 

[POQRS}= 0[PQRS) = 0,[?,0,2,5,} 

Hence we have the important theorems of Art, 119 by 
reciprocation from the simple case of the circle, 

The cross-ratio of the © The cross-ratio of the 
peneil joining four points of — points of intersection of four 
a circle to any fifth point is tangents to a conic with any 
constant, fifth tangent is constant, 

The cross-ratio of the The crossratio of the 
points of intersection of four pencil joining four points of 
tangents toacircle with any ‘conic to any fifth point is 
fifth tangent is constant. constant, 
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The first theorem on the loft is clearly true, since the 
‘angles at the fifth point are unaltered as it moves, 

‘The second theorem is true, because the angle that the 
Jine joining any two points of the four subtends at the centre 
of the circle is constant, being equal to one-half the angle 
subtended there by the corresponding points of contact, 


188, 1o shew that a system of four-point conics can be 

i into a system of concentrio conics, and that a 
aystem of four-line conica can be reciprocated into rectangular 
Ayperbolas and also into concentric conics, 

For the four-point conics take as origin of reciprocation 
one of the angular points of the comnion self-confugate 
triangle. Then the polar of the origin is the same for each 
conic, being the opposite side of the self-conjugate triangle. 
Hence, in the reciprocal system of conics, the pole of the 
line at infinity is the same for each, i.e, they have a common 
centre. 

For the four-line conics we know (Art, 99, Ex. 6) that 
their director circles all intersect in the same two points, 
‘Take one of these two points as origin. Then the tangents 
from the origin to each conic of the system are at right 
angles. Hence in the reciprocal system the asymptotes are 
at right gles, and the reciprocal conics are therefore all 
rectangular hyperbolas. 

‘As in the first part, if we take as origin of reciprocation 
an angular point of the common self-conjugate triangle 
(in this case the triangle formed by the diagonals), we obtain 
‘system of concentric conics, 





x. 1, ‘The angles in the same seyment of a cirele are equat, 
a may be written thus; If Q and R be fixed points on a circle, 
and P any other point on the circle, the angle between the lines PQ 
tnd PR ia constant, 

eciprocate with reepect to any point O and we have the following 
reopens Hf Q and a8 tangents to a conie, of focus 0, 
‘and if P be any other tangent to the conic, thon the angle subtended 
4 0 by the pointe PQ and PR is constant, ie, 

If a variable tangent to a conic cut two fized tangents in A and B, 
lana Runny Ds efent mcenso 
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Bx. 9. In any triangle the perpendiculars from the vertices upon 
tha opposite oidot meat {a a peist, nes 

Rewrite, It 4, B, are the angular pointe of w and if 
(on BC is taken 's point D such that the lines DO and DA are at 
iaieae, ‘and similarly for E and F, then 4D, BE and OF meet 
‘point, 


Reciprocate with reypect to a point O. It 4, B, C are the sides of 
4 langle, andi throogh BC is drawn & ine D such that the points 
DO and Dé oublend a right angle at 0, and similarly for B and F, 
then tho pointa 4D, BE and CF lie on a atraight line, 

Hence, If PQR be a triangle, and if through a point O be drawn 
lines OP;, 0Q,, OR, perpendicular to OP, 09, OR to meet QR, RP, 
cand PQ th P,, Qh, Hy, then P,Q, Ry are collinear, 


Bx. B. The locus of the centre of circles touching two straight lines 
‘ia the bieectors of the angles between the two given lines, 


Rearite, Circles touch two given straight lines P and Q; the locus 
of the pole of the line at infinity with to these circles is one 


or other of the lines, R, whioh pass the intersection of P 
and Q, and are such that the anglo botwoen P and R is equal or 
‘supplementary to that betwoon Q and R. 


swith respect to a point 0. Coniot, of foous O, pase 
Qeanen den points P and Q; the envelope of the polar of the 
origin 0 with respect to these conics is one or other of the pointe 
which lie on the line PQ, such that the angle that P and R subtends 
at 0 is equal or supplementary to that subtended by Q and R, 
Hence, If a conic whowe focus is O passes through two points P 
and Q, its directrix passes through one of the points on PQ where it is 
amet by the internal or external bisector of the angle POQ. 


Bx. 4. The rectangle contained by the segmenta of any chord drawn 
through a fized point 0 to meet a cirele is constant, 

Let the chord meet the circle in P and\Q; then P, Q being points 
lying on # line passing through 0 will reciprocate, with O as centre, 
into tangents which meet on the line at infinity, i.e. which are 
Leia ‘Also the perpendicular on the tangent corresponding to P 


is: 
OP 
Hence Lf from the focus O of a conic perpendiculars ve drawn to tio 
Parallel tangents, their product és conatunt, 


‘Bx. 5. The locus of the intersection of perpendicular tangents to 
Pheri lool fal also if ae ‘is one of a system in- 
scribed in a given quadrilateral, the corresponding circles are coazal, 

Reciprocate with reapect to a point O. The envelope of the line 
joining two points oe ge a which subtend a right angle 
‘at O, is » conic, of focus O, such that the polar of O with respect to 
it and the conic is the same; also, if the given conic is one of a 
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system passing through four given points, the corresponding loci 
ouch the same two straight lines, ba 

Bx. @, 4 system of conica have one focus and a pair of tangents 
‘common; the correnponding directrices pass through a common point, 
and have all their centres on the aame straight line, 

Rewrite. A system of oonios have one focus § and s pair of tan 
common; the polars of $ pass through « common point rei 
poles of the line at infinity lie on the same straight line, 

Reciprocate with respect to 8, A system of circles pass through 
two common points; the poles of the line at infinity fo'ca a line, 
and the polars of the origin S moot in « point, 

Henoo, In a rystem of coaxal circles the centres are collinear, and 
the polars of a fixed point meet in another ized point, 


100, Some further examples follow: 

Foor circles can be drawn to — With a given point as focus 
touch the sides of a given tri- four conics can be drawn to 
‘angle, and the sum of the re- ciroumecribe a given triangle, 
ciprocals of the radii of three of and the sum of the laters recta 
them is equal to the reciprocal of three of them is equal to the 
of the radius of the fourth. Aloo Intus rectum of the fourth, Also 
the lines joining their centres their directrices meet, two by 
poss, two by two, through the two, on the sides of the triangle. 
Angular points of the triangle, 

If from s point on the ciroum- ABO ie « triangle whose sides 
cirele of a triangle perpendioulars touch a conis, of foous 0; the 
be drawn to the sides, their foot perpendiculars to 04, OB, OC 
are collinear, passing through O meet’ any 

tangent in 4,,B,, C3 then 44y, 
BB,, CC, meet in a point. 

‘The locus of the centres of all ‘Tho envelope of the polars of 
conios inscribed in agiven quadri- a point O with regard to system 
Interal is o straight line, of conies ciroumsoribing a given 

quadrilateral is a point, i.e. the 
polars of any point all pass 
through snother point. 

If two conics have s common _[Reciprocate with respect to 
foous, a point of intersection of the foous.) The line joining the 
their direotrioes and a point of centros of two circles, and 
{intersection of their common line joining thoir common points, 
tangents blend © right angle ae perpentinla. 
at the foous, 


nts 
the 











‘The ortho-oentre of w triangle _(Reciprooate with respect to 
ciroumscribing a parabola lies on the ortho-centre,) ‘The ortho- 
ite direotrix, centre of « triangle insoribod in 

4 rectangular hyperbola lies on 
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afoardstente tec eses 

Polola ef contact of any. two say io angen, whos oor of 

parallel tangents is constant. contact passes through the point, 
‘the sam of their reciprocals is 
constant. 

191. Reciprocation of a system of coaxal circles. 

With the figure of Part I, Art, 190, it can be casily shewn 
that the polar of either limiting point Z,, with respect to 
any circle of the coaxal system, passes through the other 
limiting point, 

For any circle of the system is, by Art, 188, 

a+ y'—2gn4e=0, 
and L, is the point (-¢, 0). 
Hence the polar of Z, is 
_ ~ade-g(a—We) + 0=0, 
ie. (w- Ve) (9 + Ve) =0, 
ie, it isa straight line through the other limiting point L,, 
parallel to the common radical axis of the system, 

If then we reciprocate the system of circles with respect 
to the limiting int Z,, we have a system of conics, one of 
whose foci is L,; also, since the polar of the origin with 

: t to the circles is the same for all, the pole of the line 
at infinity is the same for all the reciprocal conics, ie. the 
contre of the reciprocal conics is the same for all. 

Henee the reciprocal conics have one focus, Z,, the same 
for all, and they all have the same centre ; hence the second 
focus is the same for all, and the reciprocal conics are 
confocal. 

In tho reciprocal figure the second focus is twice ax far 
from the teh L, a8 the centre is, and hence the reciprocal 
of the second focus is one-half as far from Z, as the reciprocal 
of the centre, ie, it is one-half as far from Z, that J, is, 

Hence the reciprocal of the second focus is the radical 
axis OY of the system of coaxal circles, 

Hence, If we reciprocat (¢ @ system of coaxal circles with 
regard to one of the limiting pointe 1, we obtain a system of 
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confocal conics, one of whose foci is Iy, and whose second 
focus and centre are respectively the reciprocals of the common 
radical avis and the line through the other limiting point Ly 
perpendicular to L, Ly, and conversely, 


10, Bx. 1. Confocal conics cut at right angles, 
Rewrite, A system of confocal conies is drawn ; the tangents at a 
common point of any two of them are at right angles, 
Reciprocate with rerpect to a focus 8, If a system of coaxal circles 
bu draw, one of whoee limiting pints aS, then the pointe of contact 
ait Frevny Wr ncaltentumlon cirelee of the system subtend a 
‘angle at 


‘Bx. a. The tangents to two confocal conics at a point of intersection 
iat tha engl tenth al anes of the fmt 

Beari. aye of conie bare to pints 8, and 8 sf, and 
P is. point of intersection of two of these conios; the 
tt P and the lines PS,, PS, form s harmonio pencil 

Reciprocate withrespeet to S,, Then, remembering thatthe reciprocal 
of tha boat 6, i the Tine Setise alata nod that the reciprocal of the 
point nthe radial ans of the repro otal seta, we hav: 

is © common tangent to two circles of @ coaxal system; the two 
points of contact of a common tangent P, and the two points of inter- 
reotion of P with the line st infinity and the radical axis, form 
1s barmonio range. 

Or, 4 common tangent to two circles of a coazal system is bisected 
the radical axis, us 


zs. Ba ats a a ane 
subtend a right angle at a limiting of the rystem; the envelope 
of the line hapaaiaasomaawe . 

Reciprocate, If tangents st begat pete int P, 
estan wieaona tausen? aaa m 


Bx. 4, The polar of a fized point P with retpeet to a system oy 
couse circlen panes through a feed point Q, the boo points valtend 
tigit eagle ef cach of the Limdting Soin af the sutem, and tha He 
jeinng them isa tangent that circle ofthe sytem ohh panes 
‘through P. 





Reciprocate with respect to one of the limiting points L,, The pole 
of afizedsrsight ae P with rnpet fo 0 see dagen 
lios on m fixed straight line Q, the two atraight lines are at right 
gland thei pat ofintereton ion that ono the conta 
whieh touches the line P, 

Hance, The focus of th polo given trait Line with repet ta 
aystem of confocats is the normal to that confocal which touches the 
given straight line. 
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Obtain more general theorems by reciprocating the following pro- 
positions: 

1, The two opposite angles of # quadrilateral insoribed in s cirole 
sre together equal to two right anglas. 

4, Th angot at any pinto cil perpeadielar tthe rane 
to iis point of cont 

8, The angle batoan w angnt at any pin of & pedir 
chord fie point of contact in equal to in the 
alternate sogment, 

4, rary chord of acre which subtnds right angle a axed 
point of the circle passes through the centre of the circle. 

6, ‘The locus of the intersection of tangents to a given circle whioh 
meet H atrs i, and theenelpe ofthe Line ong their pnts 

Voth eden wih te given one. 


6. res al Biss da camucediaeunse 
system of coaxal circles passing through the limiting points of the first 
system, 


1,, The circle desoribed on a focal radius of « parabola as diameter 
alaape tema at the vertex. 


8, The eum of the perpendiculars from any point within a oirole 
upon two parallel tangents is constant. 


papas mapnyst ee 


If a oonio pass through two given points and touah two given 
lis, io ine flag to el ts of contact of the two tangent passes 
throngh one or other of ages points, 


10, If two vertioes of a triangle move on fixed straight lines, and 
ig tds pn a gh A ad point, the loous of the third vertex 
is w conic, 


11, If threo oonios have each double contact with a fourth, their 
sx chords of infers will ps thre by thre troagh th same 
points 
Given two homographio ranges P, Q, Ry... and P’, Q', R's. 

sntbccgh laser Toe diropect alice sPisn com rch ices 
the xee of the two ranges. 

1g, The citele cicamerbing any tingle wltconjognte with 
_— ton rectangular hyperbola passes through its contre. 


ts from any point to two confocal conics are equs 
intied to braper rh des Gren 
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15, The locus of the foot of the perpendicular from the foeus of 
‘onio upon any tangent to the conio is a circle concentrio with the 
conie. [Reciproaate with respect to the focus.) 


By reciprocation, prove the theorems: 

16, ‘The envelope of the chord of a conio which subtends a right 
angle at its centro is « concentrie circle, 

[Reciprocate with regard to the oontre,) 


17, Given three tangents to a parabola, the locus of its foous is the 
dbeslc-cnis ol Ga wee 


18, If a fixed line intersect a series of conics having the same foous 
‘and directrix, the envelope of the tangents to the conios at the points 
where this line moots them will be @ conio, having the same h 
‘and touching both tho fixed line and the common esate 


19, Two conios hat ‘8 common focus whose laters recta are 21 
2, and whose eooentricities are ¢,,¢,, ean have triangles inscribed 
{be fret which sre eioumscribed tothe socond it 

H8AQh ye hted + Pet, eye, 0080, 
shore «is the angle between their axes. 

[Resiprocate the theorem that the square of the distance between 
the centre of the ciroum-circle of a triangle and that of any citele 
touching the sides is H+ 2Rr.) 

20, The normal at any point of a conie biseots the angle between 
the tangents from that point to a confocal conte, 


hy 
in 


CHAPTER VII 
PROJECTION 


193. If all the points of any plano figure are joined to 
any fixed point in space V, and the joining lines meet any 
other plane, they will give a series of points which ure called 
the projections of the first series of points. 

The point V is called the vertex, or centre of projeo- 
tion, and the second, or cutting, plane is called the plane 
of projection, 





Thus, for every point P on the first figure, we have a 
point ” on the second figure, so that the projection of a 
point is always a point, Also straight line is always 
projected into a straight line. For the lines joining V to 
any point on the line PQ in the first figure lie in the plane 
VPQ, passing through the vertex V and the line PQ, and 
Pe. plane is cut by the plane of projection in another line 
Pg. 
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194. A curve is always projected into a curve of the same 


For if the original curve is cut by any straight line in the 
points P, Q, R, S, ... the projection of the curve will mest 
the lines VP, VQ, VR, VS, ... in the points P, @, K’, 8’, ... 
Hence the _Pojction of any straight line will meet 
projection of the curve in the same number of points in 
which the original straight line met the original curve, 
i.e, a curve and its projection are of the same degree, 

In particular, The projection of a conic section is always a 
conic section, 

195. A tangent to a curve projects into a tangent to the 
projected curve, 

For, if the line Q7' passes through two coincident points 
at Q, the corresponding straight line @Q’7” will pass through 
two coincident points at @. 

So if, in the original figure, we had two curves touching 
at Q, we shall, in the projected figure, have two curves 
touching one another at the point which is the projection 
of Q. 





196, The relation of pole and polar is unaltered by 
projection, 

For if, in the first figure, we have the tangents at P and 
@ intersecting in 7, we shall, in the second figure, have the 

peor | points ’ and ( intersecting 
in the corresponding point 7”, 

197. If through the vertex V wo draw s plane YAB 
which is to the plane of projection to meet the 
original plane in the straight line 48, then the projection 
of any point C on AB will be at an infinite distance, For, 
VC being parallel to the plane of projection, the corre- 
‘sponding point C" will be at an infinite distance, Thus the 
straight line AB projeots into a straight line at infinity, and 
hence is called the Vanishing Line of the original 
figure. 

Similarly, if wo draw a plane through V parallel to tho 
original plane to moet is ctikete prantice in a lino, then 
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this line is the Vanishing Line of the projected figure. For 
this is the line un the plane of the projected figure which 
corresponds to the line at infinity on the plane of the 
original figure, 

To project any given line AB of the original figure to 
infty, itis pl only eset to take as rete 
of projection any plane which is parallel to the plane through 
the vertex Vand AB. 

Again, any straight linea which moot at a point on AB 
will project into parallel lines; for their point of intersection 
will project into « point at infinity, and hence their projec- 
tions will be parallel lines. 


198, Similarly, parallel lines on the original plano will 
project into lines meeting in a point, For let a line through 
the vertex V, parallel to the system of parallel lines, meet 
the plane of projection in D. Then the plane through V 
and any one of the parallel lines will contain the line 7D, 
and hence the intersection of this plane and the plane of 
projection will pass through the point D. The projection 
of any one of the parallel lines will thus pass through D, 
and hence their projections will be a set of lines concurrent 
in the point D. 

Since VD is always parallel to the original plane, whatever 
be the directions of diferent sets of parallel lines, therefore 
D always lies on the intersection of the plane of projection 
and a plane through V parallel to the Cate peo! ie, D 
always lies on # definite line in the plane of projection, 
whatever be the directions of the different gots of parallel 
lines in the original figures, 


199. A range of three points can be projected into any 
other range of Unvee pointe in space, 

A range of four points can be projected into any other range 
of four points in apace, provided that the crose-ratios of the 
two sete of four pointe are the same, 

Let P,Q, R and 7, Q, R’ be the two ranges of three 
points which need not be in the same plane, 
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‘Take any point V’ on the line joining P, P and let 








PQ,R, be any st t line in the plane through V’ and the 
line PYR. Let V'Q’ and ve 
meet this line in Q, and 2,. y 

Join 90 R,R, and let them zi 


meet in V, 


Then ben the vertex V’ the 
points P,Q’, R’ are projected into 
the points P: Q,, 2, and from the A 
reriex Fhe poate Ps Qy are G7 
projected into the points ?, Q, R. te 

Hence the first part of the pro. Pri@'ig 7” 
position is proved. Vii 

For the second part let P, Q, 2, Ve 
S and P, Y, RS be the two y” 
ranges, v 

Construct as before, let 7S’ cut PQ, R, in S,, and let VS, 
cut POR in X. 

‘Then, by Art, 2, 

(PQR'S) = (PQ,R,S,) = (PQRX). 

Hence, if (PQRS) = (PORS), 

we have (PQRX) = (PQRS). 

PQ RX_ PQ RS 

GR XP™ OR 3p RX. PS= RS, PX, 
ie, PS(RS— XS) = RS (PS- XS), ie, XS(PS-RS)=0, 
ie, XS is zero, and hence X and § coincide. 

‘The range P’Q’R'S' therefore projects from the vertex V’ 
into the range /Q,#,8,, and then from the vertex V into 
the range PQRS, 


200. Two pencils can be projected into one another, pro- 
vided their cross-ratios are equal. 


Let PQRS and PRS bo any two transversals of the 
pencils, O and 0’ their vertices, 
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Asin the last article, let PQ, X,5, be the range into which 
‘theae can be projected by means of vertices V and V’. 





From a vertex 4, lying on OF, we can project the pencil 
0 (PORS) into the pencil ¥ (PQ,R,S,); from any vertex B, 
lying on VV’, we can project the latter pencil into V'(P’Q’R'S'); 
and finally from any vertex (, lying on 0’P’, we can project 
the latter pencil into 0’ (PQ'R'S'), 

201. We thus arrive at the very important proposition 
that any two ranges (or two pencils) can be projected into one 
another if their cross-ratios are the same, or, more shortly, 
Homographic ranges, or pencils, are projective. 

Similarly poncils and ranges in involution are projective, 

‘The double rays and double points project into the double 
rays and double points of the new involution pencils and 
ranges, 

But the centre of an involution range does not project 
into the centre of the projected range. 
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202, As has boon already stated in Art, 138, any sot of 
four ‘coy wdiner ts (no three of which lie in » straight 
line) oan Jeoted into any other four coplanar points in 
4 different rue (no three of which lie in # straight line), 


203. To shew that any straight line of the original figure 
can be projected to infinity, and at the same time any two 
sage perp eles opethee re ana es 

ing any plane which ts parallel to the given straight 
ae and the vertex of projection being properly chosen, 

Let AB be the straight line which is Be be projected to 
infinity, and let OC, OD 
and 0,8, 0,F be the two 
pairs of straight lines which 

* are to be projected into two 
pairs of straight lines con- 
taining given angles a and 
B reapectively. Let ( and 
D, £ and F, be the inter- 
sections of these puirs of 
straight lines with 42, 

Through ABdrawa| 

allel to the plane of pro- 
jection, In this 
drawn describe ts of 
two circles, one ¢ 
and D containing an angle a, and the other ‘aoough Band 
F containing an angle B. 

Lat one of the intersections, F, of these two segments be 
taken as the vertex of projection. 

Let V0, CO and DO meot the plano of projection in the 
pointa 0, C’, and D, 

Then, since we have taken the plane VCD to be parallel 
to the plano of projection 0'C'D, and since any plane VCO 
is out by parallel planes in a lines, therefore VC and 

’ are parallel, Similarly YD and O'D' are parallel, 
Hence «C'UD'= .C¥D~the given angle a, Similarly, 
if the lines V0,, £0, and FO, meet the plane in the points 
0, B' and F", the lines 0, #, 0, will project into the lines 
0,'F,0;'F", and the angle between them will be equal to the 
angle BVF, és, p. 

Ln : 8 
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204. If the pairs of points C, D and E, F overlap, i. if 
one of the pair, C and D, lise between the pair and F, 
the two circles to determine V always meet, and hence V is 
real and definite, 

If neither of the pair, 0 and D, lies between the pair 
E and F, it may happen that the two circles do not meet, 

then F is imaginary, and the projection is an imaginary 
one, 

205. The foregoing proposition is of fundamental im- 
portance in the theory of projection. By its use we can 
project many figures with thes sie simpler forms, 

Bx. To shew that « quadrilateral can be projected into a set 
‘Let PQRS be the given quadrilateral (Fig. Art. ze Project the 
line BO joining two of ite vertices, 0, and 0», to infinity, and at the 
same time the angles QPS and CAB into right angles. Since BC is 
jected to ini, the sides PQ and RS are projected into parallel 
ines, aa also the sides PS and QR. Henee the new figure is a paral- 
Ielogram. Bat this parallelogram is « rectangle beoanse one of ite 
angles is ‘s right angle; and it fs then square because the angle 
ite diagonals is a right angle. 


206, Any conic can be projected into a circle having the 
pial on pie: ees eat 
ven point be 0, and through it draw two chords 
Poe Po Ca the pivenconies 
Let the tangents at P 
and @Q meet in 7, and the 
tangents at P and @ in 
zr. 


Project the straight line 
‘TT w infinity, and at the 
same time the ang) les TOR, 
TOR’ into tight angles, 
where PQ my PY meet 
77" in Rand RF. 

Since 0 is on the polar 
of 7, therefore 7’ is on the polar of 0. So 7” is on the polar 
of 0. Hence 7'7" is the polar of 0. 

Since the polar of O has been projected to infinity, O has 
been projected into the polo of the line at infinity, ie, into 
the centre of the new conic. 
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Hence PQ projects into diameter of the new conic, and 
OT into ite conjugate diameter, 

Similarly, PQ and 07" project into # pair of conjugate 
diameters, 


Hence, in the projected conic, we have two pairs of con- 
jugate diameters which are at right angles. 

But no conic, except a circle, can have more than one 
pair of conjugate diameters at right angles, 

Hence the projected conic is a circle. 

If the point 0 is withiu the conic, the projection is always 
a real one, 


Cor, 1. If the point 0 is projected into the centre of 
the circle, ite polar, ie. 7'7", with respect to the original 
conic is projected into the line at infinity, 

Hence any conic can be projected into a circle, and at the 
same time any straight line can be projected to infinity, 
ive, any straight line ean be made to be the vanishing line, 

‘This projection is always real if this vanishing line does 
not cut the original conic in real points, 


Cor. 2. Any two points, U and J, can be projected into 
the circular points at infinity; for draw any conic th 
them, and project it into a circle and tho straight line UV 
to infinity; the points V and V then project into the inter- 
section of a circle and the line at infinity, i.e, into the 
circular point at infinity. 

907. Bx. 1, The cros-ratio of the range formed by four collinear 
‘points is the same as that of the pencil formed by their polars with respect 
to any conic. 
ob deanaeb tes enteapesite 

nt an to the cire 
‘and the Gootaie & ta taage ont ihe ood rd 
projection, 

But in » circle the line joining the contre O to any point P; is 
perpendioular to the polar of P;, and so for the others, Hance tho 
soa otven any of lines OP;, OP; is equal to that between 
th ‘Hence the orose-ratio of the pencil of polars is equal to 
that of the pencll OP;, OP,, OP,, OP,, and hence is equal to that of 
the range Py, Py, Psy Py» 

13-2 
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Bx. 2. The crost-ratio of the pencil formed by joining any variable 
point on a conic to four fized points on the conic ts constant, and equal 
to the eros-ratio of the range in which any variable tangent to the 
conic cuts the tangente at the four fized points. 

As in the last example, on projection, we have only to prove the 
propoiton for a crale” (Boe rete nde si 


Circular points at infinity. 

208. We have shewn (Part I, Art, 387) that all circles 
must: be looked upon as passing through the same two points 
at infinity. 

Also ull conics through these two points are circles, For 
if $= 0, S’ = 0 are two circles in Cartesian coordinates, the 
equation to any conic through their intersections is 

i S+AS'=0. 
Also if, in both § and s’, the coefficients of <* and y* are 
equal and that of zy is zero, the same statements are true of 
S+A3', and hence $+ AS’ =0 is a circle, 

Tf then we call, for brevity, these circular points at infinity 
J and J', we see that 

All circles pass through the same points at infinity J and J’, 
Pepe piesareeie yr pet erstsonethes . 

209. If 0 be the origin of rectangular Cartesian coor- 
dinates, the equations to OJ and OJ’ are y=+ V—Ia. 

‘The cross-ratio of the range in which any two lines 04, 
OB mest JJ'= 041, where 1 AOB=26, (Art. 88, Ex. 6.) 

Hence, if the two lines 0A and OB are perpendicular, 
the ratio= 6"V! =coaw+4/—Tsin =~, and the ratio is 
harmonic, Casta if this ratio is harmonic, we have 
cos 26=— 1, and sin 36 = 0, and the lines are at right angles, 
Hence 

‘Any two lines at right angles divide JJ’ harmonically, and 
two lines which divide JJ’ harmonically are at right angles. 

It follows that J and J’ are conjugate with respect to 
any rectangular hyperbola, 

From the condition of Art. 39, it follows that the lines 
OJ, 0J' form two rays of the involution determined by any 
two pairs of lines, each pair of which is equally inclined to 
the same straight line, 
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210, Projective generalisations, 

It is convenient to set down the relations of certain 
geometric facts and ideas with respect to the circular points 
at infinity and the line at infinity, For brevity, we shall 
speak of the circular points as J and J’, and the line at 


infinity 8 JJ", 
Middle point 2 of a finite 
straight line PQ. 


A point R which divides a 
given finite straight line PQ 
in a given ratio . 

Parallel Lines, 

Angle of constant magni- 
tude a, 

Two lines at right angles. 


Bisoctors of an angle POQ. 


Controid of triangle, 


Ortho-centre of a triangle. 


A point 2 which with the 
intersection of PQ with JJ’ 
divides JJ’ harmonically. 
[For (PRQ @)==1,] 

‘A point & which with the 
intersection of PQ with JJ’ 
divides PQ in a given cross- 
ratio equal to A. 

Lines meeting on JJ’, 

Angle whose bounding 
lines divide JJ’ in constant 
cross-ratio #4, (Art. 88, 
Ex. 6.) 

‘Two lines which divide JJ’ 
harmonically. 

Lines through 0 which 
divide JJ’ harmonically, and 
which also divide OP, 0Q 
harmonically, i.e. they are 
the double lines of the invo- 
lution peneil determined by 
OP, 0Q and OJ, OJ'. 

Point of intersection of 
straight lines through the 
vertices of a triangle to points 
‘on the opposite sides, which 
with the intersections of the 
sides with JJ’ divide the 
sides harmonically, 

Point of intersectionof the 
lines drawn from the vertices 
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A circle, 
Centre of a circle, 


Concentric circles, 


Parabola, 
Rectangular Hyperbola. 


Foci of a conic, 
Directrix of a conio (i. 
Polar of the Foous), 
Principal axes of « conic, 
Coaxal Circles. 
Circle on AB as diameter. 


Centre of similitude of two 
circles, 


of « triangle which, with the 
opposite sides, divide JJ’ 
harmonically, 

A conic through J and J’, 

Pole of JJ’ with regard to 
‘a conio through J and J’, 

Conics having double con- 
tact at the points J and J’, 

Conic touching JJ’. 

Conic whose intersections 
with JJ’ divide it harmon. 
ically, 

Tntersections of the tan- 
gents to the conic from J 
and J’. 

Polar of the point of in- 
tersection of tangents from 
Jand J’. 

Lines through the inter- 
sections of tangents to the 
conic from J and J’, other 
than thetangents themselves, 

Conics passing through J 
and J’ and two other points 
And B. 

Conies passing through 
J, J‘, A, B, where AB and 
JJ’ are conjugate lines, 

Intersection of a pair of 
common tangents to conica 
passing through J, J’. 


M12, Mx. 1, The angles in the same segment of a circle are equal, 
‘and the angle in a semicircle is a right angle. 
Reerite, ‘Tho lines joining any point P on # conie throw 


fixed points Q and on the conic 
‘ poneil of sonstant cross-ratio 





of JJ’ the pencil is harmonic, 


wi in #0 
if the line QR passes through 
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ject the points J, J" into Guite pointe F, F*, and wo have, The 
lines joining any point’ P on a conic to four fixed’ pointe Q, F, R, F’ 
on the conic give a pencil of constant cross-ratio; and, if QR and 
FP! are conjugate, the pencit is harmonic. 


Bx. 9. The centres of a system of coaxal circles lie on a straight 
mdicular (0 the radical axis and bisecting it; also the ortho 
stelle etn ht hci oh ria ane, 

Reerite. The locus of the pol th ragard to a system of 
meals adie tia Po, 2 ii line passing through 
pointe U and ¥, where (J0¥"0) and (P harmonie, 0 being 
Whe imasstan of PP and JZ aes the pole of a7 with regard is 
any eonie through J, J’, the tangenta at any one of whosa other inter- 
sections with any conie of the aystem divide Jo" harmonically, lies on 
the line PP. 

Project J, J” into inite pointe F, F, ie, aubstitute F, F for J, 7? in 
the preceding, It is easily seon that the pointe U,V lie on the third 
diagonal of the quadrangle, 

‘Ux. 8. If two triangles are circumscribed to a conic, prove that 
their vertices lie on another conic. id 

Let the two triancles be ABC, 4'R'C. Through 4, B, C, Bt, 
be ari Sh it into a circle, and at the same time B/C’ 

ine at infinity. Then B’, 0’ become the cireular pointe at 
+ the original conie becomes a parabola singe it now touches 
Balicsss mathy; sed! selyeomes ike th fos tne is 
point of intersection of tangents from the cirenlar points. 

enoo wo hare to prove that triangle cieunribt a paral 
- circum-circle passes through the focus of the parabola (Art, 

1.8), 


‘Bx, 4. If two triangles are self-conjugate with regard to a conic, 
their siz vertices lie on a conic, and their siz sides touch a conic, 

Let the triangles be 4BC and 4'B'C’, Project the conic into » 
circle and at the same time BC into the line at infinity a0 that 4, the 
pole of BC, becomes the centre of the circle. Also ABC will still be « 
Fecha triangle with voy ma to the circle, 60 that 4B, AC will 

‘pendioular straight lines through the centre of the circle. 

‘gived rae ‘will become a triangle self-conjugate with respect to 

the circle, But in a circle the line joining the centre of a circle is ad 




















Beodicla toile pol. Henan 4d 4, 40’ ro perpendicolar in 
new figare to B'C, O'4', 4'B', xo that A is now the ortho-centre of the 
new tangle 4°50. 


now the ortho-centre of 4’B'C’, this tangular hyperbola, 
= will then also pass ‘through C since AB and AC aro perpen- 
ular, 





A conic can be drawn throngh 4’, B’, 0’, Fooniedlsniglecre tc! 


Again & parabola oan be drawn to touch the lines B’C’, 0'4’, 4'B’, 
AB and theline at infinity BC in the new figure. But the ortbo-centre 
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of « triungle whose sides tooch a parabola is on ite directrix. Hence 
the pepeodinar 40 le lo © tangent Heoce tess elo 
‘the val is also 8 jenc 

triangles touch # conio, v ngeaaaead 


Mx, 8, If a conic be inscribed in a quadrilateral the diagonals of 
this quadrilateral, and of the quadrilateral formed by the points of 
contact, meet in a point, and form a harmonic pencil, 

Projost the conio into a circle, and the third diagonal to infinity, 
so that the quadrilateral beoomes a parallelogram ; the proposition at 
‘000 fellows, soos all the diagonal now pom though the centre of 
the oircle; also coh ple Gntlagss vias Weenie os aoe 
detween the other pair, and hence divide them harmonioally, 


Mx. 6. By projection, prove Pascal's theorem that the three pointe 
of nection of ope ier of hesagn serie in code are 
collinear. 

Projeot the conio into « circle and the line joining two of the points 
of intaretion to infty; we hen have o prove tha if the tides PO, 
QRof a ‘are parallel to the sides ST, TU, 
Soest alder 2S ond ‘OP re parle, 'his follows at once, sinoe 

LGRU= £SRQ-LQRU=r- 2QTS- ¢RUT 

=r- £PQT- LRUT= ¢PUT- LRUT= PUR, 




















Bx. 7. Ifa conicpasses Ifo conic passes through the 
the vertices cp neap yoe vertices of « quadrangle, the locus 
Joous of its centre is a conic of the pole of any given straight 
through the middle points of the line is 8 conic passing through 
sides of the quadrangle. Ieper gineng bear 

in which the given line meets the 
‘sides of the quadrangle, 
‘Bx. 6. If s quadrilateral can An infinite number of quadri- 


be nsdn one 6 nd Islerals oan be desoribed about a 
ciroumsaribed onic §,, conie with their angular points on 
paperecspeetinae pagel repens fret 

be 90 described, 

[Project $, into a circle and the line joining two of the vertios of 
the quadrilateral to infinity; then the circle and the projection of 
have the same centre, vir. the third vertex; also any parallelogram 
insoribed in « cirole is necessarily a rectangle, no that the cirele ix the 
Aireotor crele of the new conie, Since the projeoted theorem is true, 
it follows that the original theorem i also true.) 

x. ©. Tho loous of the foot The tangents from two fixed 
of the perpendioular upon any 
tangent to e central conic from a 
foous is &cirle. 
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Generalise the following twelve thoorems by projeotion: 
1, Tho tangent at any point of a cirele is perpendionlar to the radius 
to the point of contact, 


Q, Any diameter of a circle is biseoted at ite oentre, 


8, Ita siuight line touches» cil, and fom the pont of contact 
‘straight line is drawn outting the cirele, tho angles which thie ine 
makes with the tangent aro equal to the angles in the alternate 
‘segments of the circle, 


4, Chords of » circle which subtend oo (1) the centro, 
(2) the ciroumference, envelope a conoentria circle, 

5, If two circles are concentric, any chord of one which touches 
the other is biseoted at the point of contnct, 


6, ‘The feet of the porpendiculars drawn to the sides of « triang! 
inscribed in a oirele from any point on the circle are collinear, 


7, It PSP’ be a focal chord of a conio and the tangents st P, P’ 
‘oct in Z, then Z lies on the direotrix and ZSP is a right angle. 


‘The envelope of » chord of s conic which subtends s constant 
‘angle at the focus, and the locus of its pole, are conics with the same 
focus and directrix as the original conic. 


9, ‘he los of the intemection of two tangents to « parable 
sh meet at gen angi hypeiola wih he same foes and 





10, If 8 foous and two tangents to s conio are given, the loons of 
tho other focus is a straight line, 

11, Given the foous and two points on a conio, the airestrix passos 
through one or other of two fixed points, j 


12, Given three conoontrio circles; any tangent to one of them is 
‘out by the other two in a range of constant cross-ratio, 


15, rangle 410 oan bono projected that any thre line thro 
{te vertices, ooncurrent in a point 0, shall become the medians of 
triangle in the projection, * 

[Project tho polar lino of 0 to infinity, Art, 60, Exs, 6, 6.) 


Any triangle oun bo projeated into an equilateral tri 
ak Aas Ssoeh a projeot ‘an equilateral triangle by 8 


16, Any conic can be so jected that two given points S and 5’ 
wat profs into a pair of ri —s 

(Draw tangents from § and $° to meet in J’ and 1’; through ’ and 
fear eer ‘conie; project this conte into o circle, and the line 77 
to infinity, 
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16, Any three chords 44’, BB’, and CC’ of conic can be projected 
into equal chords of « circle, 


[Projest the conic into a circle and the live joining the interseotions 
of AB’, 4'B and of BC’, B'C to infinity.) 

It 4’ coincide with B, B’ with C, and C' with 4, deduce that # conte 
and an jororibed triangle can always be projected into a cirole and an 
insoribed equilateral triangle, 

17, Conios having « common foous and directrix can be projected 
into conoentri circles, (For they are conies having double contact. ] 

18, Any two conies ean be projected into circles, [Project one oonie 
into & citcl, and the eommon chord of the wo conics to infinity.) 


10, Any two conies oan bo projected into eoneentrio conta, [Pro- 
side BO of the common self-conjugate triangle ABC to infinity, 
in dion, #0 pojesied nt a ight ange, we ave conanria 
‘coaxal conics. It B, C are projeoted into the circular points at infinity, 
we hare concentrie rectangular hyperbolas.] 
20, Reotangular hyperbolas oan be projected into conics havin 
two given points F, Fas conjugate points. [For the intersections 
‘ rectangular hyperbola with JJ" divide Jv’ harmonically.) 


B12. A system of conice inscribed in a quadrilateral can 
be projected into confocal conics. 

Let the quadrilateral be PQS, as in the figure of Art. 15, 
and let two of the sides intersect in 0,, and the other two 
in 0,. 

‘Draw any conic through the points 0, and 0,, and project 
it into s circle, and at the same time the line 0,0, into the 
line at intinity. 

Then 0, and O, are projected into the circular points at 
infinity, and the conics into a set of conics inscribed in the 

rojected quadrilateral, Since the sides of the new quudri- 
lateral pass through the circular pointa at infinity, their 
other points of intersection are the four foci, two real and two 
imaginary, of any conic insdribed in the new quadrilateral, 

Since the foci of the new system of conios are the same, 
the conics form @ confocal system. 

Hence the proposition, 


Cor. Any two conics can be projected into confocal 
conics, For they are inscribed in the quadrilateral formed 
by their four common tangents, 
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213. A system of conics which pass through four given 
points can be projected into a system of coazal circles. 

Lat the four given points be P,Q, R, 8. Project the line 
joining any two of them, “7 Pand 2, to infinity, and one 
of the conics into acircla ‘Then ? and R will project into 
the ciroular points at infinity, and through their projections 
will pass all the projected conics; these projected conios will 
therefore be all circles, since they through the circular 
points at infinity, Also these circles will all pass through 
the projections of the other points Q and §, and will thus 
be @ coaxal system, 

Gor. Conics which have double contact with another can 
be projected into concentric circles. 

For, inthiscase, the conics will pass through twoooincident 
pointa at P, and two coincident points at R Hence they 
will project into circles touching one another at the circular 
points at infinity, i. they will beoome concentric circles 
(Part I, Art. 388), 

914. Bx. 1, 4 quadrangle can be so projected that its sides and 
too of its diagonals become the three sides and the three fculare 
of a triangle, and hence all conics through four points can be projected 

tangular hyperbolas, 





into rec 
Let the quadrangle be as in the figure of Art. 64. Proj Geode 

PBQ, QCH into night angles. ‘Thon in the new tein oe have four 
points, such that exch is the ortho-centre of the triangle formed by 
the other three. Also the lines joining the four points, vis, the sides 
PQ, QR, RS, and SP and its two diagonals QS and PR, beoome the 
sides and perpendiculars in the new figure, 

_ ha cones of th orignal Agate bonme fo the on eons 
ciroum le, and passing thro 0-000 
hanes the latter areal rotanguiarhyparbotas, gi 


Bx. 2. If a sysiem of conics pass through four pointe they will cut 
any transversal in involution, \Deegues™ 'heoree,) a 

Projeot the conios into couxal circles, Then, if any transversal outs 
the common radical axis in O, any one of the circles in P and P’, and 
pengoierp apes ', we know that the rectangles OP. OP and 0Q. 09’ 
fare equal; for each is equal to the square of the tangent from 0 to 
the circles, Henoe, (Art, 29), wo have an involution. 


‘Bx. 8. Lf two conics be insoribed in a quadrilateral, two of whore 
vertices are F and FY, the tangents at their common pointe divide FF’ 
harmonically, 
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Projeot F and F into the cironlar 
conies become oonfocal conios; and we 


at w oommon point out J” 
Confocal conics cut at right angler, 


Bx. 4, The locus of the polo 
of w otraight line P, with rogard 

is the 
which P 
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inte at inBoity, 20 that the 
wvo to prove that the tangents 
; fies we have to prove that 


‘Tho loous of the pole of « 
straight line P, with ton 
tna of conte, touting. the 

of a quadrilateral SF'S'F’, 


Saas, ab the yointat contact 


in aot t line through 
ecinnsire 
of the conics, and which with P 


divides ¥¥" harmonically. 


‘The locus of the point of inter. 
section of two 1t4 to a oonio, 
which divide the line joining two 
given points F, F" harmonically, 
in 6 conic passing through F, J, 
the pole of FF’ with regard to 
‘these two conics the same; 
also the envelope of the chord of 
contact is another conie touching 
the anges tom Fan tothe 

al conte, 


If the original conie touches 
FP’, the loous is the line joining 
the points of contact of the other 
tangents to it from F and F'; 
and the chord of contact passes 
through the point of intersection 
of these tangents from ¥, F”. 








EXAMPLES. 

By projection prove the following six theorems: 

1, If the lines joining the vertices of two triangles are ooncurrent, 
Aha the corepending alee mest in three pointe whieh are oo 

ear, 

Q, Two conics have double contact at F and F, and C is the pole 
of FF’; « tangent to ove conio at P meets the othor in 4 and # and 
FF’ in Q; prove that ( (4PBQ) ia harmonic. 

9, Two sides of « triangle inscribed in a oonio pass through fixed 

inte Pand Q; shew that the envelope of the third side is aconio ha 
oablecoataa withthe given ooe, {Projet the coo into a cise 
the line PQ into the line at infinity.) 

4, If three conics pass through the same four points, the common 
tangent to any two is out harmonioally by the third oonio, 
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5, It two conics have double contaet, they have an infinite number 
of a conjugle triangles. (Project the |i ig te poate of 
and we have two conoentrio cirolos 
jena ings hrogd he oss opine he neato 
mw solf-conjogate triangle for the conoentrie circos.] 


6, The diagonal triangle of a quadrilateral which ciroumsoribes 
1 conie is self-conjugate with respoot to the cone, [Project the quadri- 
Isteral into « square.) 


Generale tho following eight theorems by projection: 


7, If two oltclos moet in two real points, the common chord bisects 
the common tangents, 

Deduoe that, if PQ is the common chord of an ellipse and ita oirele 
of ourvatore at P, then PQ, the tangent at P and the lines joining P 
to the points of contact of a common tangent form a harmonie pencil, 


8, Chords of cone, which snband right angle sta given point 
a os fae ec ces akin a , (Frégier 
coin 

9, The loous of the oentre of a rectangular hyperbola which oireum- 
seribes a triangle is the nine-point cirole of the trianglo; also, if the 
hyperbola is self-conjugate with respect to the triangle, the loous is 
the cireum-cirale. 





10, The directrix of a parabola which touches the sides of « given 
triangle passes through its ortho-centre; also, if the parabola is self. 
conjagat othe tring the dieeix panes trong the eam. 
oon 


tolls h* lowes ofthe fot of the perpedinlar lt fll rom, the 
A normal ‘ parabola is ano! 
LS ery i 


14, A point P moves on a straight line ; the locus of the centre of 
the cirale which ‘through the feet of the three normals drawn 
frocnP tos parabola also straight in. 


18, ‘The circum-cirele of a triangle which in salt te with 
rogatd ton oonie en ll cetor-osl orthogonally, — 
Alto tvtprocate the theorem with rspot ow point on the drtor 
1, Tho earsope of fe int for a aystem of 

nailed Nplate haviag 
= given pat ‘on ite directrix, 


Gea, bol by rojo ad ripen the 
all ‘it two circles, cut ceteapaty, }, the ends diameter statin 
Sal aru phiecpn ie appl Va eae 


(i 


CHAPTER VIII 
INVARIANTS 


415, If 
Sz ax! + by? +02! + Yfye + gue t Bhay =0, 
and 5 sa'st + By" +c + 9f'ye + 2g'ue + Bh'ny =0 
are the equations to any two conics, the equation to any 
conic through their points of intersection is 
MHS 0D corrpsatsescrosicll) 
‘The condition that this Intter conic should be a pair of 
straight lines is 
(ka + a!) (kb +5!) (ko-+ 0!) +2 (bf+f") (bg +9") (kh + h’) 
= (bas) (Lf + f')"— (08+ 8) (ig +g) ~(he +) (th + Y=, 
ie AB 4 OB 48+ A= 0 ccsscseeeene(2)s 





where z 
A =abo + 2fgh—af*—by!—ch' = Aa + Hh+ Og; 
@=a' (bo—f%) +b! (ca—gt) +0' (ab— A) 
+f" (gh—af) + 2g’ (hf-bg) + 2h’ (fy- ch) 
= Aa’ + Bb! + Co! + 2F/" + 2Gq' + 2Hh'; 
@ =a(b'e-") +b (ca'—g") +0 (a’'-h") 
+f (gh — af!) + 2g (Wy — U9!) + 2h (f'g' - ch’) 
=A'at+ Bb+ Cos QF f+ 269 + 2H; 
and 
A’ sale! + 9f'g/h' —a'f"—b'g"—Ch? = A'a' + H'h' + Og’. 

Here A, A’ are the discriminants of the two conics, and 
the beg letters have the usual meanings as defined in 
Art, 72. 

‘Tho equation for & has therefore, in general, three roots 
corresponding to the three pairs of straight lines that can 
‘4 drawn through the four (real or imaginary) intersections 

the conics, 
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It wo eliminate & between (1) and (2), we have, aa the 
equation to these three pairs of straight lines, 


AS" - 0578 + O/S'S*— A'S +0. 


The coordinates in which § and S' are expressed may be 
of any kind—Trilinear or Areal or Cartesian, If the latter 
coordinates are used, we nierely put # equal to unity. 


216, Ifon transferring to any new eystem of coordinates, 
of any kind whatsoever, the quantities $ and S' become S, 
and S,', then clearly £3 +S will become &S, + S,', and & is 
unaltered, If, in addition, 45+ S' represented a pair of 
straight lines, it must still continue to du 80. Hence the 

* equation giving the values of k, for which kS +S’ represents 
straight lines, will be the same as that giving the values of 
ks, for which KS, +S,’ represents straight lines, Hence the 
roots of equation (2) of the previous article must remain 
unaltered by the transformation, and so the ratios of any 
two of the four quantities A, @, @', and A’ must remain un- 
altered, and be independent of the particular axes or system 
of coordinates. 

For these reasons these quantities A, @, @', and A’ are 
called the Invariants of the two conics S=0 and 5 =0. 

In the case of any two conics if we have calculated the 
values of these four quantities, and find any homogeneous 
relation to hold between them, we can be certain that the 
same relation will exist between them however we may 
transform the axes of coordinates, 


217. In the course of the transformation it may hqwever 
happen that one equation has been multiplied by a constant 
quantity, but not theother. Thus, suppose that the coefficients 
of the terms in S’=0 had been arte by a quantity p, 
and that the terms in S=0 had not been multiplied by p, 
then, since @, @', and A’ contain the coefficients of 8’ in 
the first, second, and third degrees respectively, the new 
quantities @, @, A’ would have been niultiplied by p, p* 
and p' respectively. Any homogeneous relation between 
the original invariants would not necessarily remain true, 
Thus the homogeneous relation @4=@'4' would become 
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p®,xA, =p'®,'xp°A,', which is not of the same form as before 
But the homogeneous relation @@’=AA'’ would become 
7, x p0\'= A, x p'A,', 46, 0,8)’ = 4,4), which is of the same 
form as 

Hence, that we may be sure that a relation between the 
above four quantities remains the same whatever the trans- 
formation, including the case when § and ’ are multiplied 
by different constant quantities, the relation must be homo- 
geneous both when A, @, @', and A’ are considered as of the 
‘same dimensions, and also when they are assumed to be of 
dimensions 0, 1, 2, and 8 respectively, or when they are 
assumed to be of dimensions 3, 2, 1, and 0 respectively. 

218. For convenience of reference the values of the in- 
variant quantities are written down for certain standard 
cases of frequent occurrence. 

In-conic and circum-conic. 
8-2 Pat + miy! + n'e! - Imnys — Inlax - Ymay; 
Of yo + Mylan + Way. 
=~ AP antn!; @ = Almn (f" + mg! + nk’); 

@/ =—(If' + mg’ +nh')'; and A’=2/'g/h', 
In-conic and self-conjugate conic. 
S= Pat + miy' + nie! — Imnys — Inlex — Umay; 











@ =PMN + m'NL + WLM; and A'=LMN. 
Circum-conio and self-conjugate conic, 
Ss yet Mgew+ hoy; 
S's Lah + My + Net. 
A =9%gh; @ =—(/f*+ Mg" + Nh); @ =0; A! = LMN, 
‘Two self-conjugate conics. 
Ss Lat + Hy + Ne; 
Ss Lids Mp Ne. 
A= LUN; @=L'MN+M'NL+N'LM; 
@'=LM'N'+ MN'L'+ NL'M'; b'=L'H'N', 
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Ellipse and Circle. 





Two circles. 





A=-#; @=(a. yaa BY - CA 
@'=(a-a')'+(8—f¥— 19-2"; a! =— rt 
Parabola and Circle. 
Ss y— Apa; 
S' 3 (w-a)'+ (y-py'- 28. 
A=—4p'; O=—4p(p +a); O = f—4pa—r8; A’=—r8, 
219. We shall now examine the geometrical meaning of 
tha vanhing of some of tho invariant ad of ottain rela 
tions between them. 
e=0. 
From the value written down in Art, 215, itis clear that @ 
vanishes when f=g =/=0 and at the same time a’ =b'=¢'=0, 
¥ then becomes ax! +by*+ce"=0, i.e, a conic self-conjugate 
to the triangle of reference, and S’ becomes 
Of yu + 2g'ex + Wry =0, 
i.e, a conic circumscribed to this triangle, 
Hence © vanishes when a triangle self-conjugate to 3 can 
be inscribed in 5’, 
From the same article it is clear that @ also vanishes when 
be=/f?, ca=g%, ab =A and at the same time, godt baba 
that 8 is an insoribed conic and 5" is a sel jugate conic, 
Hence @ also vanishes when a triangle can be drawn to 
circumscribe S and also to be self-conjugate to S, 
un u 
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3220. Convery, I 01, thn) afte umber of triangles, 
self-conjugate to 8, can be inscribed in 
(2) ani terme nian dre rama 
dew be 
To prove (1), point 4 on 9, and let its polar with regard 
we Pee sRD and C. Faith ABC as triangle of rateranoe, wo have 
Seiazt+ byt +ext+ Mfys=0, 








and 8m 9f'ys + 2g't2 + WW'zy = 0. 
[For g and hare both aero, since the polar of 4 is z =0.] 
Bince O=0, «, ~ 2a/f'=0. 


But /’ cannot bo zero; for then §” would be two straight lines; 
neither ean a bo sero, for a similar reason. 

Hence /=0, and thus the triangle of reference, which i inscribed in 
5, in also velf-conjugate with respect to 8. 

Binoo 4 is any point on S', there are an infinite number of such 
triangles. 


pve (2), let BC be any tangent to S, whose pole with regard to 
sis andes and 40 be tangents to 8, wilh a3 as triangle 
we bave 
SmPat+ my? +-ns3-Imnys —Indsz - Ymzy=0, 

and S'ma's!+Dy24 c4+2/’y2=0, 

Binoe @=0, -.4l*mnf’=0. 

But neither J, m, nor n can be zero; for then § would be a pair of 
coincident straight lines, 
‘and thus the triangle of referenoe, which is cireum- 
also self-conjugate to 8’, 

Binoe BC is any tangent to S’, there are an infinite number of such 
triangles, 





221. @'=0. 

From the values in Art, 215, it appears that @' vanishes 
when f=9=h=0 and at the same time b'e'=/%, da’=g" 
. and ab’ =K?, ao that S is a self-conjugate conic and S’ an 

inscribed conic, 
Hence @ vanishes when a triangle jugate to S can 
circumscribed about '. ome 





be 
Again, ' also vanishes when a =b=c= 0, and at the same 
time /" ), ie. when S is a circumscribing conic of 
the triangle of reference, and S' a self-conjugate conic. 
Hence @ alo vanishes when a triangle can be inscribed in 
S which ie sebf-conjugate to 5", 
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As in the last article, the converses of the above theorems 
can be shewn to be true, 
Bx. Let 5 be the elli 
sig F) 
athe 


222, @=440', Vie 


Suppose we want the condition that a triangle can be 
circumscribed to one conic and inscribed in another conio 
§', Assuming that such a triangle exists, take it for the 
triangle of reference, 


and 5’ the parabola 


Then 
Se Pats m'y*+ n'a! Imnya~Inlex— may =0, 
and 
8! 3 Of'yz + 2g'ex + Dh'ny=0. 
Then, from the results in Art. 218, it is clear that 
@= 40, 

‘This relation is homogeneous in A, @, @' and A’; it is also 
homogeneous if they are assumed to be of dimensions 0, 1, 2, 3 
respectively; for each side is of dimensions 2. 

It therefore is an invariantal relation of the form spok 
of in Art. 217, and hence this relation must always exist 
between the equations of two conics such as Sand.$’, Hence 

If a triangle can be circumscribed to S=0, and also be 
ingoribed in S'=0, then @'=4A0', 

Conversely, I/ O%= 440", then a triangle, and any nuinberaf triangles 
can be circumscribed to S=0 which are inscribed in 8’=0. 


For let tangent to § meet 5’ in the its B, C, and let the 
other pale io tow Bt Gan tet tects deat oe he 
on 8’, Take ABC as the triangle of reference, 


Thon SmPat+-mty2-ntst— Smnys—Snlsx~Dmsy, 
and a's 9 'ya + Mg'az + WN ay, 
[For 5 is an inscribed conio, and 8’ goes through B and 0.) 
Hence A= -4P mtn? © =dlmn (Y/-+mg! + nh’); 
O's ~ (If +mg'tnh’)'+Imna'f’; A'=f" [2g/h'-a'f’]. 
‘Henoe, since 6'= 446’, we have Pmtnta’/’=0, 








Ma 
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Neither 4, m nor n can be aero; for then § would on it 
$ pair of ecoeldont shalght Hoes! nor con f° bo puro, be then 8 
‘would be a pair of straight lines, Hence we must have a’=0, and so 
8'=20 alto pastes through 4, 

Since BC is any tangent to 5’, an infinite number of auch triangles 
an be drawn, 

223, 61=44'0, 

‘This similarly is the condition that triangle can be 
insoribed in $= 0, and circumscribed to S', 

224, @=0 and also @ =0. 

‘When both these relations are satisfied, then the four 
preceding cases are all included, and we have that 

bi 


An infinite number of triangles can be inscribed in 8"? 
which ae circumscribed tS ond am safle sotmbar 


S=0 
of triangles can be inscribed ino” cireumacribd to =) 





which ore wlfconjugne for} ; 
Numerical Example, Let 
83 By—het=0 and S' = ya—k,f*=0. 

228, If two triangles are self-conjugate with respect to a conic 
8=0, a conic can be described to pass through the siz vertices of the 
triangles, and also another conic to touch their siz sides, 

Let 4BO and 4'B‘C’ be the two oonies, and take ABC as the triangle 
of reference, 

Then Smart by!+crt=0, 
Tt sound conie "pas through tbe fie pointed, 07, Band, 
y 


S'wa'sl + Of'ys + Qy'sr + Bh'2y. 
Since 4'B'C' in w triangle self-conjogate to $ and inscribed in $’, 
 O=0, ie. a’be=0, 
. @'0, and the conie S” passes through 4 also, 
Again, lot « conio S” touch the three sides of the triangle 4’B'C’, 
N80 the sides 4B, AC, 











‘The 
SHma'tsViyh4e'eds "pred Lotaaead aay =O, 
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Since 4'B'C’ is a triangle self-conjugate to S and clroumsoribed to 
8", therefore the 6’ of S and cet 

a(b’c’—f"%)=0; », b’e mf", 
" also touches BC, 


20, Gaskin’s Theorem. The circum-cirele of a triangle which 
i tef-conjugate with regard to a conic ete the director circle of the 
conte orthogonally. 

Let Smast+by'-1=0, 
and 8'm(z~0)8+ (y-p)'-r8=0. 
ih tinal, wltconjagne to 9, can be inseib im, then 








Henoe, aa in Art, 218, 
11 
ay fant = 520. Q). 


+, the aquare of the distance between the centres of $ and 8’ 
sal} perl Lt 2 + i 
=rtythe square fos radius of the direotor cirele of 8. 

Hence S', the oircum-cirele of the triangle, and the direotor circle 
of the conic cut orthogonally, 

Again, from Art, 219, we know that @=0 if a triangle can be 
circumscribed to $=0 which is self-conjugate to §’=0. Hence (1) 
also shews that the self-conjugate circle of any triangle which ie 
circumscribed to @ conic cuts its director circle orthogonally. 

oe Cases. I. Let the conioin exch case be a parabola. Then 
we have 

(1) The centre of the circle circumscribing triangle, ory in welf- 
conjugate with regard to w parabola, lies on its directrix, 

(2) ‘The contre of the oirele which is sa-sonjugte mie rreapeot to 





s triangle, which ciroamcribes « parabola, lies on its directrix, te. the 
arihocnire of «triangle aL cece bes a parabola lies on ite 


sll: Hat the cont noah un bea rectangaar hypo. Then we 
(1) The ciroum-circle of a triangle, xelf-conjogate with respect to a 


i hyperbola, passes through ite 
(2) The solf-conjugate circle of w triangle, wi poe ay mere 
rectangular hyperbola, passes through ite centre, 

IIL, ‘The circle plone with to a given triangle cuts 
orthogonally the circles on the sides as diameters, 

[Por the sides are partioular oases of inscribed conios.) 

IV, The circles on the diagonals of a complete quadrilateral as 
diameters are cut orthogonally by the circum-circle of the triangle 
formed by the diagonals of the quadrilateral, 
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EXAMPLES, 

1, I a triangle bo self-conjugate with respect to a parabola, ite 
atid nap hog a = 

(Let Smy!-4az=0, and 6’m(2—a)'+(y-p)'-r=0. 
If a triangle self-conjugate with respect to 8 is insoribed in S’, then 
@=0, which gives a= —a, et) 

Q, It a triangle be ciroumecribod to a parabola, tho contro of ite 
self-oonjugate cirole lies on the directrix, (Here again @=0.) 

3, Ito triangle be self-conjugnte with respect to » reotangular 
hyperbola, the Intter passes through the in-contro of the triangle, 

[Tako Sm (x)? + (y-)?-r8=0; S’m2ey~M2=0; then 0=0.) 

4, If a triangle be circumscribed to » rectangular hyperbola, show 
that the circle with regard to which the triangle is self-conjugate 
‘parses through the entre of the hyperbola. 

[Take Sm2ry-H=0; S'mat+y!-Ygr- My +e=0. 
‘Then we are given that @=0, and hence that ¢=0.) 


5, If #=0 [Art. 118] be the harmonio locus of two conics S=0 
and §'=0, and if any triangle insoribed in 8" is self-conjugate with 
reapect to'S, then any triangle inscribed in ¥ is self-conjugate with 
respect to 8", 


6, What is the meaning of the relation @=0, according as either 
cone or each of tho quantities 4, 4’ is nero? 

What do we know of the conics 5=0, 6’=0 if A, 0, 6’ and A’ are 
all zero? 


7, If the directrix of a parabola pastes through the centre of a 
ciole, show that an inGnite number of triangles ean be drawn to 
cireumsoribe the parabola and be self-conjugate with respect to the 
circle; and also an infinite number of triangles can be inseribed in 
the cirele which are sef-conjugate with regard to the parabola, 


8, Shew that an infinite number of triangles can be ciroumscribed 
to the conic $=0, and inscribed in the conic S'=0, in the following 
eases : 


a) 60% 


ae 





Smat yy" (040)'=0; 








ot q 
(2) Smatyyt Pera sate f-1-0; 

(8) Smy?—daz; 8’ my! ~az—by+e=0; 
trond) "2208 6 parole and any cnle paring thoagh ite 
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9, Shew that thelocus of the centre of the self-conjugnte cirele of » 
triangle circumscribed to a given conio is s cirole if the radius of the 
self-conjugate circle is given. 

10, If the director cirsle of « conio inscribed in « triangle touches 
the circum-cirole of the triangle it also touches the niue-point circle. 

[Let 0, N, Pbe the ciroum-centre, nine-point centre, and ortho-centre 
of a triangle, and X the contro of the eonie. Let # and p be the radii 
Of the direotor eile of the conia and of the nelf-conjugnte olrele of the 
fringe. ‘Then, by the second theorem of Art, 296, P= ("+ 

It the direotor cirole touches the oiroum-cirele, then OK =t+R. 

2 (4 p+ (4+ RKP ORY 2NK1+ ,OP* 
= 2NK7} | (RY 8R*.008 4 008 Bon) 
=2NK™+ | (R429), 


" weet, 
‘i.e. the director circle and nine-point circle also touch.) 


227. To shew that two conics, S=0 and S=0, will 
touch if 
(@’-940')"= 4 (@*-34@) (0*—34'0); 
and that they will have contact of the second order if 
@ = 3A’ and @*= 320. 

Tf two conics touch then, as in Part I, Art. 385, two of 
the pairs of straight lines through their points of intersection 
coincide, Hence, instead of three different pairs of straight 
lines through their points of intersection, we only have two, 
and therefore the equation in & of Art. 215 has two roots 
equal. Let the roota be a, a and 6. Then 


e a 
ri and wBa-z. 





tat Ba—2; Bop +a! 


20,04 Sa Bet, and Sot an tarp = 28 








+. BalA + 208 +O! 
and a0 + 200" +34’ 
Solving (1) and (2), we have 
1 
6i0-20"" G@'—9AN" ~ 640-20" 


J, [00'-944'P=4 [6-3] [0*- 340}, 
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[Equation (1) also follows from the fact that if any 
equation ¢(k) =0 has cqual roots, each of them is # root of 
dp 
ee 

If the conics have contact of the second order, there is 
similarly only one pair of straight lines through their points 
of intersection. In this case the roots are all equal to a, and 
wo have 

c o a 
Sa=—7) Seto 5 and @a-z. 
-, @=3A@,, and @*= 340, 
‘These relations are of the right dimensions according to the 
rule of Art. 217, 


928, 70 find the condition that a quadrilateral can be 
drawn to circumscribe a conic S=0 and be inscribed in a 
conic S=0, 

We know that » quadrilateral can always be projected 
into a rectangle; hence, after projection, Sis a conic and S’ 
is its orthogonal circle. 








‘Thus 
and +y'-at—B=0, 
Hence, as in Art, 218, we have 


2 






es (@ +0, 
biel tcc, 


=- (0 +8, 
6 4 Ata’ 
Re Ce ea 





+, @- 4006’ + BA*A’ = 0, 

‘This relation is of the t dimensions according to the 
rule of Art, 217. oe . 

If one rectangle can be drawn cireumseribing J its vertices 
lie on the director circle, and hence, from the general 
property of the director circle, it follows that an infinite 
number of such rectangles can be drawn. 
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Cor. Two conics are such that quadrilaterals can be 
circumscribed to either, with the ends of two diagonals on 
the other, if 

@ = 2A@' and @*= 240, 

For, in this case, we have both 

@ — 4400" + BAtA' = 0, 
and @?— 44/00’ + BAA" = 0, 
and these are both satistied when 
@ =24@', and = 20'0, 


990, Bxs, Prove that the relation 
03 4400'+84%4'=0 

in aloo satintiod, 

sp Tian the tangent to 8 otto fie points of intercon with 

8" intersect on S'; 

© (Q) when 8 is inscribed i in the triangle formed by two tangents to 
fand their chord of contact; 

(8) when 5° isthe lous ofthe intersection of tangents to which 
divide a given line FF’ harmonically; 

(4) when the other tangents drawa to § from the points where any 
tangent to it cuts 5” intersect on a given straight line, 


230. Two conics S and S' are such that, if two of their 
points of intersection are joined to either of the two others, the 
two chords and the two tangents at that point form a harmonic 
pencil; prove that @0 = AA', Deduce the condition that two 
cireles cut orthogonally. 

Take three of the points of intersection 4, 2, (as the 
triangle of reference, and let the conics be 

SB Yyn+ 2gue + Shay =0, 
and S = Yf'ye+ 2y'ex + 2N'zy = 0. 

The tangents to the conics at the point A are y2-+hy =0 
aad g'z+h'y=0, and these with AC and 4A, ie, y=0 and 

=0, form @ harmonic pencil if 

(QA'+ gh) 20 sesscessarscscnsoes (1). 
Now A=2/gh; @=2f'gh+ 2g'hf'+ 2hify 
@'= Yih’ + 2ghif' + 2hf'g'; and A’ = 4'y'h. 

#1 OB ~ AA! = 4 (gh! + 9h) (lf + NP) (So! + f°9)=0, 

by equation (1). 
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If wo take B and (’ as the circular points at infinity, the 
two conics become circles, and, if the tangents at one of 
their points of intersection 4 di harmonically the lines 
joining A to the circular pointa at infinity, the circles cut 
orthogonally, The required condition that ‘two circles cut 
orthogonally is thus @@ = AA’, 

This may be easily verified by taking the equations to the 
circles in the form 

t+ y—at=0 and a+ y+ 2ga+a'= 0, 
Sota x. 1. Show that the relation @0’= Ad’ is also satisfied 
when: 





(1) the conics are. cirole and s rectangular hyperbola, one of whose 
common chords is a diameter of the circle; 
nee Le yale locus F=0 [Art, 118] degenerates into straight 

(8) the harmonio envelope #’ =0 (Art, 114] degenerates into « pair 
of points, 

Bx. 2. Show that the equations to two conios which 
relation @6’=AA’ can always be redaoed to the forma 2*+- 
and 22—y!+het=0, 


982. Shew that the condition that the pencil formed by joining any 
point on the conic 8=0 with its points of intersection with 8'=0 may 


be harmonic iv 
268 -9408'+ 274%’=0. 
Let the conics be La?-+ SBt+ Ny?=0 ), 
and Tye + B+ Nye 2). 
If, as in Art 65, their points of intersection are P,Q, R, 7 th 
equation to the lines PR and QT is 
(LM; - yM) B+ (LN, -L,N) 7=0. 
Page 128, Ex. 1, P, Q, R, T sublend a harmonie pencil at any 
tof (1) if PR, QT are conjugate with respect to it, and henoe if 


(Art, 70) 
NL (LM, ~ Indl) +LM (NL -NL,)=0, 
te if M\NL+N\LM=9L,MN, 
Now A=LMN; @=I,MN4+M,NL-+N,LM=81,,4N in this case; 
@'=LMN,+MNL, +NL,M; and A'= L,M,Ny. 
. 8’ ~ BAA’ =BL, MN (MN, + M,N) 
PMN uy 


+. 903-9400 +7424 =0. 
‘This is a homogeneous relation which is of the right dimensions 
ccording to the rule of Art, 217, 






the 
#=0 

















cry 
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Aliter, Project the points Q, 7’ into the circular points at infinity 
40 that the conics become circles, Then P and R must sublend a 
right anglo at any point of §, and henoo PR must pass through the 
centre of S. Thus 





and +2) (y ~ pr), eto, 


288, The equation as*4+ by?+ cx!+2fys 4 2gez + 2hxy=0 represents 
circle, the courdinater Being areal; theo that ft radias pf piven by 








) 

where Ris the circum-radius of the triangle of reference. 

Take — S=A{azt+ by +028 + Oye + 2gre + 2hzy]=0, 
and Staajtys + bjee +ojtay=0, 
whete 4), Uy, ¢q are tho sides of the triangle of reference, and hence 
S' is the cireum-cirele, 

Since $=0 represents a circle, \oan be chosen ao that - §’=0has 
e+y+2=0 ane factor, Henoo on substituting 2=-y-~, we see that 

M(a+b~2h) y+ (a+e~ 29) 22+ 2y2 (a+f-g-H)) 

~[agtye — b's (y +2) ~ sty (y +2)) 








i zero identically. 
and 2 (2a-+2/ ~ 29 ~2h) + (042+6,2 
giving . 
‘. fat. 
* = 9-b-c" ig-c-a Th-a~d 
Hence A=) [abe + 4fgh—af?—bg* -ch4), 
and A'=hasbjeg. 


Binoe S=0 is now in the proper form, we have, by Art, 918, 
PAA labe2fgh—af4- bgt—el?) 





‘on substituting for a,%, bg, ey? from (1). 

‘This is the result with Areal coordinates. If wo use Tritinear co- 
ordiuates we should have similarly 

5 Adagbye [abe + 9/oh of bot - cht] 
(Poy eo= Beet eb) (29¢0%4 - eagt = ac,4) (Rhy by~ aby? — Bagh)’ 

234, 1f S=0 and S'=0 are the equations to two conics, 
F'=0 their harmonic tangent locus, and F = 0 their harmonic 
envelope, to prove that ¥ = @'S + OS’ —¥, where the forms 
used for ¥ and ¥! are such that their discriminants are 

AA’ (00'— Ad’) and (@0- AA’). 
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Lat the two conica be referred to their common self-con- 

jugate triangle, so that 
Ssaxt +by +ct*=0, 
and S' sa't+by'+ce=0. 

Hence, by Arts, 113 and 114, 

F = aa’ (be! + bic) 2% + bb! (ca! + c/a) y* + cc! (ab' +'b) 2*=0, 
and 

FY = (ab’ + a’b) (ca! + c'a) a + (be’ + b'c) (ab' + a’) y* 

+ (ca’ + c'a) (be' + be) 2 = 0. 

Now 

@=a'be+bica+c'ab, and @ = ab'e’ + be'a' +ca'b’. 
Hence the coefficient of 2” in 
@'S + OS’ —F =a (ab'c' + be'a! + ca’b') 
+a! (abe + oa cab) — aa! (be +8'c) 
=a'b'c’ +a"e + caa'd’ +aba'e’ 
= (ab’+a'b) (ca' +a), 
and so for the coefficients of y# and 2 
Hence F'=0'S+05S'-F, 
The discriminant of F 
= abea'b'c! (be! + U'c) (ca’ + c'a) (ab' + a'b), 
Also 
00’ - AA’ =(a'be + b’ca + c'ab) (ab'e’ + be'a' + ca’b’) — abe. a'd'c’ 
= (be' + Ue) (ca’ + c'a) (ab’ + 0'b), 
Hence the discriminant of F 
= Ad’ (00'- AA’), 
Also the discriminant of F' 
= (be! + bie) (ca! + ca) (ab! + ab)? = [00 - AAP. 

Hence the forms chosen for ¥', F’ are as stated, 

Cor. If @@’—AA'=0, the harmonic locus breaks into 
two straight lines, and the harmonic envelope also breaks 
into factors, and gives two points only, This is the case, as 
in Ess Land 2 p. 11, when the two conics are orthogonal 
ci 
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235. Such function as F’ is said to be a covariant of 
§, Sand F. 

"Any function ¢ is # covariant of other functions S, 5%, ... 
when it is derived by some rule from those functions, and 
when, if the variables involved are transformed by any 
linear substitution, the result obtained by transforming $ 
differs only by at most: constant multiplier from that which 
wo should got by first transforming S$’, ..., and then from 
them deriving ¢ by the same rule as before, 


236. In a similar manner wo can shew that if ¥ and ¥ 
be the tangential equations of two conics, and ® and ©’ the 
tangential equations of their harmonio locus and harmonic 
envelope respectively, then 

@=0'2+03'-@, 

For 3=Pbe + mica + n'ab; 

2 =P Ye + mica’ + n'a! 
© = beb'e' (ca' + ¢a) (ab’ +a'b) P+ . 
and & =a0'bY'ce' [(be' + Vo) +... +...) 

@=theinvariantderivedfrom Zand 3’=abo(ab'o'+...+...), 
and @ similarly =a''¢ (a’be +... +...) 

[It may be verified, asin Art. 234, that the forms of @ and 
® are so chosen that their discriminants are respectively 
e YA’ and AA’ (00 - Ad’), where A, @, ', and A’ 

long to the system 3 and ¥',] 

Just as in Art, 234, it may now be shewn that 

0 =@'3+03'-9, 
237. {f S, be the polar reciprocal of S with respect to S', 
and 8,’ the polar reciprocal of 5 with regard to S, then 
5,=05'-F =F'-0'5, 
and 8, =S-F =F’ 09’, 
a the notation as in Art. 234, we have, from Art, 178, 
it 








S,= about + b*cay? +cSabet =0, 
and Sj =a'b'c'at + bica'y'+ca'b's*=0, 
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Now 

OS -F = (a'be + b'ca + cab) (a'x* + b'y' + c's") 
=a (be! +B'c) a BB (ea' + ca) y* ee (ab' + a'b) #* 
= abo’ + Voay' + cabs= 5, 

<, §,=08' -F=¥*-@'S, by Art, 234, 

Also 
O19 -F = (ab'c' + bo'a' + cab) (az? + by! + oa") 

—aa' (bo + B'e) a bb (ca' + ca) yoo’ (ab +a’) 2° 
=atblelat+ bola’ y*+ cha'b'e* = 8. 

-, 8 =@S-F=F*—@8, by Art, 234. 

Gor. If the conics S and $’ are such that @ = 0, then the 
harmonic locus F is the polar bag “hg of S with respect 
to S', and the harmonic envelope is the polar reciprocal 
of S’ with respect to S. 

If the conics are such that @'=0, then the harmonic 
locus F is the polar reciprocal of $’ with respect to S, and the 
Heeoesieenreee is the polar reciprocal of $ with respect 
to §, 


238, That there must be linear relation between 
&,, and F follows from the fact that the points of contact 
with §' of any common tangents to Sand § are the poles of 
tangents to $ with regard to 5’, and are thus points on the 
polar reciprocal §,, and through these points passes I, by 
Art. 117. Hence we must have a relation of the form 

S\=1S'+m¥, 


Shee thatthe general equation of cone tuching the four 
tangents 





‘of two conics 8=0 and S'=0 is AS+ k+K4'S'=0, 
‘where k is a variable parameter and ¥=0 is the harmonic locus, 
Let Swazt +by' +ea* =0, 
and Sma'at +0 yt+e' 20, 


Lot % and 2’ be the tangential equations to these conics, #0 that, 
wine sngential oq q 
L=Pbe+meayntad=0, and 2'=Pd'e'+m'e'a'+nta’l’=0, 

The Hal oguation of any conio touching the four common 
tangents of § and Sis suaren 
+kE'= 0, 


fie, (be-+ YC) + (ca Re’a’) m*-+ (ab+ ha’) n=O. 





INVARIANTS 223 


For the point equation we have, by Art, 79, the coefficient of 2* 
= (ca+ ke'a!) (ab-+ha’b’) wa¥be+ kaa’ (be +B'e) + KYa'tY'c, 
and so for the coefficients of y* and *, ‘The required equation is thus 
abe [az*+ by?+ cat) 
+ Lan! (be + We) 2*4- BY (ca’+-c/a) y+ ce! (ab/ +a) st) 
+HaYe! (a's*+ ¥y'+e's)=0, 
he, AS +k + bA'S'= 0, 

Gor, The envelope of these conios is the four common tangents 
themselves. Hence the equation to these four common tangents is 
F2444'85', (Of, Art. 117,] 

940, Shew that the tangential equation of 8+ kS’=0 te 

2+K+H2'=0, 
‘and interpret the equations =0 and @ -422'=0, Shew that the point 
equation of Z+kO=0 és 
S+k[05+AS']+ #(0'S +05'-F]=0, 
‘and interpret the equation 
[05+48'P-448(0'S+05’-F]=0. 
Let Smaz*+by'+c?=0, and S'ma’st+b/y"+0' 





Then the tangential equation of 
(a+ ka’) 38+ (0+ AY) y8+ (c-4+-ke) 240 
is Pb+ ki \[c+ke']+...+...=0, 


te, 
(be +... +...) +R [2 (be + ¥'e) +... 
ie, Zaks ee 
whore ¢ is the tangential equation of the harmonic envelope, ‘The 
equation @=422' is the tangential equation of the envelope of the 
‘abore conics, ie, it in the tangential equation of the four common 
pointe of the conis SS". [Ott 1164 
The equation Z+o=0 
is {beth (be! +b/e)) P+ 
For the point equation the coefficient of * 
=[ca+4(ca!+¢/a)}[ab+ k (ab'-+0'b)] 
satbe-+ [a (abe + oa +a) +0, abc] +4 (ca’+c’e) (ab' +a’). 
Hence the point equation is 
abe [a2 + by! + cs] 
+[(a2*+- by! 4-ca8 (a’be + bea +e! ab) +ab_(a's*+ b'y?+e'2%)) 
+B [(ca’ +4) (ab +a0'd) 24+, 
ie, A8+k (05+ 5" 0, 
fe, AS +k [08+A8]+44[0'S +08'-¥]=0, 
by Art, 984, 


HE RLBV Etat dO, 
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‘The equation 

[08’+A5'?~445/0'5+08'-¥]=0 
is the envelope of theve conics, i. it isthe equation to the four sommon 
tangents to § and F’. 


241, Sinoo the results ofthe last two articles only contain quantitios 
whlch ac invarianta with repeat fo aod 5 or which, Ike =O and 
¥F* =0,aro defined bys, eal property whiob i dent of tho 
particular axes of coordinates or triangles of reference which are used, 
these resulta will remain true whatever be the partioular forme that 
are used for § and $", and, in particular, will hold when § and S" are 
given by tho general equations of the second degree, 
“This can be verified, a in the previous articles, the 

gquation for 8 and 9" and pastry Sober hye reais 








EXAMPLES. 


1, Determine the homogeneous relations which exist between the 
invariants of the conics 





and 
‘and verify the corresponding geomotrical relations between the conies. 

4, Find what homogeneous relations exist between the invariants 
in the two following oases: 

(2) S isa parabola, and 5" a rectangular hyperbola whose centro is 
at the foous of 8; 

(2) 8 is 8 circle, and S's parabola whose focus is on 5. 


8, From the fact that, if a conic touches the locus of the feet of the 
normals drawn to it from any point P, then the locus of P is the 
‘evolute of the conic, obtain the evolutes of the parabola y'=4pz and 


of the alipue + =. 


4, If S'=0 be & given conic, the loous of 
conio $20, which is self-coojugate with regard 
tnd such thet the invariant @ of 8 and S° van 


5, Two conica $ and S’ intersect in 4; the tangents to § and 5° at 
‘A moot 8’ and § in B and C respectively and BC meets the conics 
‘again in B’, C’; it B’ and C’ are the harmonio conjugates of B and C, 
prove that 60'+ AA’=0, 


A Heeriftepl bey arcryariry contact of the third 
order with the conics $=0 and S’=0 if 40 = 4’. 
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7, ¥=0 and F’=0 are the harmonic loous and harmonic ent 
of two conics S=0 and S’=0, If les can be inscribed in 
which are solf-conjugate with respect to F, the 

00'+844'=0. 

8, It F=0 and ¥’=0 have double contact, then S=0 and S'=0 

have double contast, or else A6’= 4'6*. 


8, pet pearh seo with S=0 of the common tangents 
0 and S' = Ta al For a ‘and the lines so formed 
‘harmonio pencil 





to 
ei 





20" - 90074’ +27447=0, 


fone pair of common chords of two conice are conjugate lines 
yee to each of the conics, prove that 66’ =9Ad'. 


11, Two conios 8=0 and §'=0 touch; shew that the ratio of their 
curvatures at the point of contact is equal to the ratio of the unequal 
foots of the equaton 


A+ Ok + O’k+A'=0, 


12, An infinite number of quadrilaterals can be inscribed in § and 
ori about S11 5, ha polar rcpromal of § with rx 
to S, shew that an indnite number of triangles can be inscribed 
‘and cireumseribed about S,. 
18, Find the locus of the ortho-centre of a triangle which is inscribed 
ina conic 8 and circumscribed to a conic S'. 
‘The principal axes of 5" being the axes of coordinates, we have 
Simaz!+ Day + by" + ge+9fy +e=0, 
and Sima's*+ by? Ist 
Let (c',y')be the ortho-oentro of any such triangle and d the radius 
ofits walf-onjagate ciel, xo that the equation tothe latter i 
S"ma(e-sr)*+(y-y)t- 20, 
By Arts, 291 and 919 sinoo the triangle ie insoribed in 9, ciroam- 
tribed to and vl.sonjagts to", th ofS and 8” nar, and 
also the © of 5” and 8” ia aero 


Houee ax4Bhz'y +by+-2pe'+4y'+e~ (a+) @=0, 





and a4 - (94 y?-d?)a'b'=0, 
Hen on ng he gel ni the cl 
S=(a+)) (#+n-3 





14, 4 trang ABC ia wei-cmupate foo cov 8, end te o 
angular points, B and 0, titan the hat he eas of 
third ‘pint A is O8--AS'=0, Prove ale that the ride 

harmonic envel ofan ad tet ode 40,40 
ana the reciprocal polar of 8 with regard to, 


io ty 
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‘Taking 4BC as the triangle of reference, wo have 
Sw ast + by" +e2"=0, 
and S'ma's*+2f'ys + 2g's0+ DW'2y=0, 
Clearly the conio a’S ~ aS" =0 goes through the point 4, 


But A=abe, and O=a’be, caf, and hence @$~A8'=0 iv a 


¢onio through 4. Bat since this equation contains only 8, 5" and the 
invariants, it is olear that it remains the same whatever triangle of 
reference is taken, Henoe the conic is a fixed one. It follows, as, 
‘would be expeoted from Art. 219, that the locus reduoos to S’=0 when 
0 is nero, 
‘The tangential equation to the harmonic envelope is (Art. 115) 
Scan! +-a/bnt — 2af'mn — Ybg'nl~Yeh'tm=0, 

This is satisfied by m=0, n=0, (.. the base BC always touches the 
invariant conie ®’=0, 

‘As in Art, 179 the polar reciprocal of 8 with regard to S is 

af Tat Big y2t AWAY Qe (g/h'~a'f') yt 

~ Beak’ f's2—Dabf''zy =0. 

This touches both AB and 4C, Bat, since the equation of this polar 
reciprocal ean be pat into the form’ 6’S—F'=0, it is an invariant 
conic, Hence the sides 4B, AC always tou 

15, ‘Triangles can be inscribed in » conio $=0 which are self- 
conjugate for a conic $’=0. Shew that the triangle formed by the 
tangents at the angular points of any such trisngle is inseribed in 
the conio AS! - O50, 

16, Two conics, S and 5’, are such that triangles can be inseribed 
in S" whoee sides touch §, Shew that the loons of the point of inter- 
section of the lines joining the vertices of any such triangle to the 
point of contact of opposite sides is the conio 845’ -205=0. 

17, A triangle is inscribed in » conic $=0 and two of its sides 
touch the conie §'=0; shew that the envelope of the base is the conie 
(07 44'0]3+444'5'=0. 

18, A triangle ciroumscribes « conic S=0 and the extremities of 
ita base lie on the conto ew that the vertex lies on the oonie 
{0°~4A0'}? 8+ 164°A'8'+44 {02-400 F=0. 

[When 64=440’, the loous reduces to $’=0, (Art. 222,)] 


19, The conic $=0 touches three sides of m quadrilateral, and the 


wonio 5'=0 through the four angular pointe; prove that the 
tarelope ofthe fourth cos ripe ocala 


{0*~4A0'}? 54.84 [6*- 4400’ + 844’) 5'=0, 

















ANSWERS 


(Pages 58, 59,) 
a, (res eae) x Manta) = 
6, A conic touching two of the fixed 
7. A pia Geena tei ot ton 
13, A onbie circumscribing the triangle of reference, 


(Pages 77, 78.) 
2, (Boos B- +008 C)t=asin A (Bein B +ysin C); 
e000! BB +b cost C.7=0, 
12, The nine-point circle, 


(Pages 85-87.) 
24, 2¢+ yt4 22 dye Qew dey =0, 


(Pages 92-94.) 
18, (1). (1,0), (-1, 0) and (0, 3); (e+y-1)*+(-y-+1}2~4y?=0; 
(e+y-1)!- (2-414 y2=0, 
(2). (2 0), (~2, 0) and (—}, 4); 
4(e4My- 1) (22—By +9)! ayt=0; 
4 (24+ Dy - 1+ (Ox dy +2)*—5y?=0, 
(8)- (ty ~B) (~4, 4) and (-9, ~8); 
(2a~y+1)*- (e--y 144 (2+ y)*=0; 
~ (Be ~y418+9(z—y~1)?+2(e+y)*=0, 
Ud, Xsy+e=0; Ymat2=0; Zezty=0; X1- 142920; 
X14 Y2-97220, 





(Pago 106)” 
10, #=4ys . 
(Pages 11-114) 
8, #20; y=0; 242850; 2-12y-42=0, 
(Page 144.) 


1 
oar ees Te 


228 ANSWERS 
(Page 149,) 
1, 584-94 16nt - 490n ~ 52ul + 44lm=0, 
8. (1 Bs e+y=% 
(Pages 169, 160.) 
§, The conioays-+baz+ezy=0, 
5, (8, -8, -2); 2+y=0 and 172+ by+182=0. 
8. (0, jy p) es OLN, ML Leta 
(Page 168.) 
1, (2,)5 (-% -1). 


(Page 224.) 
1, 00'=9Ad'; 61=440'; O=0. 
9, O=0; O7=44'0, 
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